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1. INTRODUCTION TO APPROXIMATION

Approximation is a numerical procedure of calculating fairly accurate values of a
function f(x) by using corresponding approximation function suitable for

numerical manipulation. For example, alot of functions, such as logarithmic and
trigonometric functions, whose values cannot be calculated directly, are
approximated with the corresponding power series. These power series when
once determined are forever. The most important ones are included in the
standard computers mathematical libraries and implemented in the hardware of
scientific calculators.

Let function f(x) be approximated by approximation function
(% B) = F(x Bo, Bus o Prva) (1.2)

so that the approximation error (usually called residual) defined as a difference
between function f(x) and its approximation F(x, £) is minimised on the
chosen domain by the appropriate choice of the coefficients /g,
(n=0,1,..,N -1).

Depending on whether a domain on which the approximation is provided is
continuous or discrete, the approximation is of continuous type or discrete type.

In the approximation of continuous type the approximated function f (x) and the
approximation error

E(X, B) = E(X, Bo, By Bu_t) = T ()= F(x, B), (1.2)

are defined on a continuous domain.
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In the approximation of discrete type an approximated function f (X) is defined
on a discrete domain by its values f* = f (£¥) in achosen set of distinct points
&%, called sampling points or nodes'. In this case, the approximation error is also
defined as the difference between value f* of approximated function f(x) and
its approximation f (&, B) in the sampling point &, as

E(EY, B) = E(EY, By, Bry s Bra) = £ = F(E5 ). (1.3)

Furthermore, the approximation can be of linear and nonlinear type. In the
approximation of linear type approximation function f~(x,,3) is a linear
combination of so called coordinate functions ¢, (x) and can be expressed by the
approximation formul a:

_ N-1
f(x,p)= Zﬂn¢n(x) = Boto(X) + L (X) + ... + By a1 (X) - (1.4

n=0
Used set of coordinate functions {¢,(Xx)} can be chosen arbitrary aslong asit is

complete? and linearly independent .

If the function f(x) = f(X(Xy,X,,...,Xy)) depends on M arguments x.,, then by
substitutions

n=n(n,n,,...,n,) (uniquenforeach combination of n,,n,,...,ny ),
:Bn = ﬂn(nlnz...nM) = IBnlnz...n,\,I ) (1.9
G (X) = Bann,.nyy ) (XOK X000 X ) = ¢r[13-](xl)¢r[1§](xz)-'-¢r[1,’;“(XM ),

! Note that upper index k is an index of afunction value f* and sampling point £ and
not an exponent. Lower index denotes coordinates £°, &, ... of asampling point &~.

% The set of functions {1, x, x2,...,xN™%} is complete with respect to any approximated
function, while the set of functions {x, x,...,x"™"} is complete only if f(0)=0, since
(X, B) = fix+ B, +...+ By, XN cannot approximate function that has non zero

valueat x=0.
® Consider that functions ¢, (x) are linearly dependent, i.e. that at least one of them can

be expressed as a linear combination of others as ¢, = X «,¢, . Substitution of ¢_ into
nzL

origina approximation formula (1.4) yields to the approximation formula of the same
form f(x, B)=25, ¢,(x) in which g, =p,+B.a, (n#L) and B =0, i.e to the

approximation formulain which the linearly depended function ¢, is excluded.
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~ N-1
the approximation formula f(x, £) = ZO B.9,(x) can aso be expressed in the
n=
equivalent (but expanded) form

Ni—1N,—1 Ny -1

T B) =D D D B, A O)A (%) (%) - (1.6)

=0 n,=0 ny =0

Coordinate functions ¢f?(x,), ¢##2(x,), ... are usually chosen from the same
family of functions {¢,} . In this case

N;-1N,-1 Ny -1

F,B)= D DD Bunson 8 1) B (%) o 8, (). (17)

n=0n,=0 ny=0

The approximations of linear type are relatively simple in comparison to the
approximations of nonlinear type, and for that reason are frequently used. The
approximations of nonlinear type in which nonlinear combinations of coordinate
functions are involved, like most nonlinear analysis, are difficult to be formulated
and applied and because of that are rarely used. However, the exception is the
nonlinear approximation of real type which has the form

N;-1
. D a, dy, (%)
f (x,a,b) =N°1— (1.8

> b, (%)
n,=0
where a, and b, are constant parameters.

Although coordinate functions ¢,(x) can be chosen arbitrary, it is usualy more
convenient to expand the function f(x) into infinite series

£0=3 (9, (19)
n=0
such as

Taylor series,

Maclaurin series (specia case of Taylor series),
series of orthogonal functions (e.g. Fourier series),
series of orthogonal polynomials.

Eall AN
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Approximation function F(x, ) isthen apartial sum of the first N elements

S\ A= Aih(¥) (1.10)
n=0

that is compliant with (1.4).

The crux of the approximation problem is a criterion of minimising approximation
error that will determine constants £, . The five major methods of doing this lead

to the five main types of approximations which are of the highest importance:

1

Approximation near the point in which the approximation and its first
derivatives are equal to the approximated function f(x) and its first

derivatives " (x) inthesinglepoint x=¢:

a Taylor series expansion: series of powers (x — £)* whose partial

sum Sy (X, B) = By + By(X—&E) +...+ By, (x=EN T and its first
N -1 derivatives S{’(x,8) are equal to the approximated
function f(x) and its firss N -1 derivatives f((x) in the
chosen point x=¢&; precisely, f(&)=5(&p) and
fM (&) =S p) forn=1,...,N-1.
Maclaurin series expansion: series of powers x* whose partial sum
Sy(X,B) = By + Bx+ ...+ By X" and its first N -1 derivati-
ves S (x,8) are equal to the approximated function f(x) and
its first N —1 derivatives f ™ (x) in the point x=0; precisely,
f(0) = Sy(0,4) and T (0)=S{"(0,8) for n=1,..,N 1.
Padé approximation: the rational function R,,(x) defined as a
quotient of two polynomials P,(x)/Q,,(x) of orders n and m,
whose value and the values of its first n+m derivatives
W(x), k=1,..,n+m, equas to the exact vaues of the
approximated function f(x) and its firss n+m derivatives
f®(x) a the point x=¢&; precisdy, f(£)=R,,(£) and
£ &) =RK(&) for k=1,...,n+m.
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2. Exact or interpolatory approximation:
a Interpolation, in which the constants £, are chosen so that the

approximation f~(§k,,6’) equals to the vaues of function
¥ = f(£*) inthechosen set of K distinct points &, k=1,..., K .

b. Hermiteinterpolation, in which the approximation f~(§k,,6’) and
its first derivatives f ™ (&%, ) (where n is positive integer)
equals to the values of function f(£*) and its first derivatives
f (M (£%) in the chosen set of K distinct points £, k=1,..., K .

3. Least-squares approximation:
a.  Continuous least-squares approximation, in which the goal isto
minimise the integral of the squared approximation error

[f(x)- f(x, £)]? (optionally multiplied by weighting function)
over a given continuous domain.

b. Discrete least-sguares approximation, in which the goa is to
minimise the sum of the squared approximation error

[f(£) - F(E5,8)1? (optionaly multiplied by weighting
coefficients) over adiscrete set of K distinct points £
The Fourier series and series of orthogona functions inherently
satisfy least-squares criteria.

4. Uniform or minimum-maxi mum approximation:
a. Continuous uniform approximation, in which the aim is to
minimise the maximum magnitude of the approximation error

max | f(Xx) - f~(x,/3’) | (optionally multiplied by weighting
function) on a continuous domain.

b. Discrete uniform approximation, in which the aim isto minimise
the maximum magnitude of the approximation error

max | f(E) - F (&%, 8)| (optionaly multiplied by weighting
coefficients) over a discrete set of K distinct points &

5. Approximation and interpolation by splines consists in splitting an
interval into segments on which the approximations or interpolations are

provided separately, while the approximation function f(fk,ﬂ) and its
first derivatives f (™ (&%, 8) have equal values on the shared boundary
points £ of joined segments.
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1.1 APPROXIMATION NEAR THE POINT

In this type of approximations, the values of approximation and its first
derivatives are egqual to the values of the approximated function and its first
derivatives in the single approximation point. Although approximation error is
small in the area close to the approximation point, it increases rapidly away from
that point.

1.1.1 Taylor seriesexpansion

The function f(x) of single argument x can be expanded into infinite power
series

f(x) = iﬂn(X— A" = o+ Bu(x=E) + Bo(x=&) + Ba(x= &)+ (L1D)
n=1

If thefunction f(x) hasderivatives of al orders on aninterval containing the points
xand ¢, the coefficients 5, A, ... can be determined by the conditions

£(8) =5,

da'f(f) _
dx"

So obtained power seriesin (x—¢&) of theform

(1.12)
n 5,

f(x) = f(§)+zd (&) x=¢)" (1.13)

nl

is called the Taylor series expansion of function f(x) inthepoint & [1].

By introducing notation
FO&) = (9,

4n f( 5 (1.14)

n=>1

F() =

the Taylor formula (1.13) can be expressed in asimpler form

(=3 105 (L15)
n=0 .
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Example 1.1. Taylor series expansion of the function In(x) inthepoint £=1

In(x) = (x-1) (x—21)2 + (X;1)3 - (X;1)4 +.., 0<x<2.  (116)

Function f(x) can be approximated by the first N terms of the Taylor series as

f(0=58,00= Zf(“)(«f)(x I (117)

Thisformulais equivalent to the approximation formula (1.4). Precisely

FB) =Y Budn(x.8), (118)
n=0
where

f(”)(éf)
Pr=—y nz0 (1.19)

$(x,&)=(x=8)", nz0.

The approximation error in the integral formis[2]:

En(X) = f(X)-Sy(x) = (N- 1),I F (&) (x-&)N g
(1.20)
N[ (@) Ba(x £
By the use of a mean theorem of (falculus which says
i F(&)(x-&)" g = f(N’(f)E(X—f)N_ldf, (1.21)

where ¢ is a point between & and x, otherwise unknown, the approximation
error can be obtained in the Lagrange form

f™) N
By =" =) o By =50 d(x8). (1.22)

This form of the error is very popular because of its close similarity to the terms
of the Taylor polynomial. Except for a ¢ inthe place of a £ it would be aterm

which produces the Taylor polynomial of the next higher degree.
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At the point x=¢&, the approximation F(f)z f(£) has no eror, since
(x=&)"=0 for x=¢ and n>1.

The Taylor series expansion can aso be applied in multiple dimension domains.

In atwo dimensional domain the function f(x) depends on two coordinates X,
and x, of the point x(x;,x,). The function f(x)= f(x;,X,) of two arguments
X and X, can be expanded into infinite power series

£00=33 Bon, (4= E)* O - &)™ | (1.23)

ny=in,=1
If the function f(X) has derivatives of al orders on a domain containing the
points x(x;,%,) and &(&,&,), the coefficients 4, can be determined by the
conditions

f(8) = boor
") _ .,

n - W P00 n=1

0%

o ¢ (1.24)
n(f) n,! By, Ny n, =1
0Xy?

" £ (€)

0X"0X5>

=n!n,! n=Ln,=1

nny’

Therefore, the expansion at the point £(&;,£,) can be done by

f(x) = f(§)+ialf(§) (Xl_é:l) ' +ia 2f(é:) (X2_§2) 2 +

Aol ox n;! oL OXp n,!
(1.25)
+ i N an1+n2 f (f) (X:L 51) (X2 — §2)nz ]
n=1n,= 18X22 nl| r]2!

It is convenient to define zero-derivative that is only formally a derivative as it
leaves functions unchanged. |.e., if it is assumed that
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f(5) n =0, n,=0,

an1+n2 f (g) _ anl
oxMax: | oxt
8”2

f (&) n =1 n,=0, (1.26)

{6 m=0 n21

then the Taylor formula for two arguments can be written in the short form

f(X) — Z za ' zf(éf) (Xl étl) (X2 52) : ) (127)

n
0o 0%"OXg? n! n,!

The approximation can be made by using the approximation formula

F(x = Z Za FE) (-&)" (o -&)™ (128
om0 0X10X5? n! ny!

N, is a constant, while N, can be either a constant (usually N,=N,) or a
function of n,. If N, is a constant, the approximation formula (1.28) has
N =N;N, elements. If N, is a function of n;, so that N,=N;-n,, the
approximation formula (1.28) has N = N,(N,; +1)/2 elements.

Example 1.2. Double Taylor series expansion. For N, =N, =4, the
approximation formula (1.28) has 16 summation elements,

(% — 51)3'()(1 51) (% — 52) (Xl é:l) (% — 52)2'()(1 51) (X% — é:z)

while for N, =4 and N, = N, —n, the approximation formula (1.28) has 10
summation elements

(% — 6813:

____1____:L____(Z‘z_‘_§_2_)____i____(Z‘a_‘_{z_)i___J_(_X_z_‘_@f
0428) | ()06 =6) 10080 @)}
(% -&) 2 | (X1 51) (% —&) | _E
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The Taylor formula (1.27) for expansion of a function of two arguments can be
generalised to the formula for expansion of a function which has M arguments

Xy X yer Xy 17
an1+n2+ Ny f (5) (Xl gl)nl (X2 §2)n2 (XM _ gM )nM
f e .
(x) = nzl . n22 nzfo X IX0 .. OX n/ n,! n,!

Thisformulais equivalent to

f(x)=i

=0n,=0

Z o O, O, 00 (X)) (1.30)
where

1 oMttty ¢ (ér:)
ninl..ny,! oxMoxpz..oxp (1.31)
¢;m(m) =(%p=&)™ Np=1l m=12,..,M

The approximation can be made by using the formula (1.7) with N = N;N,...N,,
elements.

anlnz...nM -

1.1.2 Maclaurin series expansion

Maclaurin series can be obtained from the Taylor series by putting point £ on the
origin of the coordinate system (£ =0). The seriesin x of the form

f(x)= f(0)+ i £ (O)X?? (1.32)

is called the Maclaurin series expansion of the function f(x) (upper index of
X" isan exponent).

Example 1.3. Few examples of Maclaurin series expansion:
2 3 4

e 1+X+X—+X—+X—+ (1.33)
r 2 3 4
3 5 7
sinx=5—x—+x——x—+..., (2.34)
r 3 3§ 7
2 4 6
cosx=1-> 4+ 2% —X—+ (1.35)

2 4 4
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3 X5 X7

sinhx:5+—+—+—+.... (2.36)
r 3 858 7

The function f(x) can be approximated by the first N terms of series as
f(x) = Nzl f( (O)X—n. (1.37)
n=0 n
At the point x=0, the approximated value of function F(O) = f(0) is given
without error since x" =0.
By analogy to the Taylor series expansion, the Maclaurin series expansion can

also be applied on multiple dimension domains. For example, on a two
dimensional domain, by putting & =0 and &, =0 into (1.27) it is easy to obtain

™2 £ (0) X, "%,
f(x) = Z Z S mind” (1.38)

n;=0n,=0

Example 1.4. Maclaurin series expansion of f(x,X,)=€“". The
derivatives are

0™"™£(0,0)
0%/ 0Xy?
From the expansion formula (1.38) follows

R IP I | 3 8 (140)
'nz noo ! o 2! . .

n=0 n,=0

(1.39)

The approximation can be made, say, by using the approximation formula
with N;N, =4-4=16 summation elements,

2 3 2 3
eutXe - [1+ % +% 4L %J[1+ X, + % +%J (1.41)

or, by using the approximation formula with N,(N; +1)/2=10 summation

elements
2 3
€02 =1+ X +X, + X1 c X % Xl 5% X1X2 2 (142
2 l 1 2! 3 201 l 2

n+n,=2 n;+n,=3

n+n,=1
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1.1.3 Padé approximant

The Padé approximant of order (n,m), n>0, m>0, istherationa function

R (0= PO _Borax-8+.ta,(x-8" L49)
Qn(¥) By +B(X=&) +t By (x =)

where coefficients ay,&,,...,a,, b,,0,...,b, are determined by the conditions

f(£)=Run(),
196 =R,
2 =R, (144

Fm (&) = RE™ ().

Equivalently, if R,,,(x) and f(x) are both expanded in the Taylor series

_ ﬂﬂ@ ~ ) e
Rum(X) = f(&)+ (X= &)+t T m),( - &)

n+m+1)
(é:) ( f) n+m+1

(m+n+1)| (1.45)

)= (&) + ‘au @+(%@u &7+

the first n+m+1 terms of R,,(X) would cancel the first n+m+1 terms of
f (x) , and as such the approximation error is

E(X) =f (X) - an(x) = Cn+m+1(x_ §)n+m+1 + Cn+m+2(x - §)n+m+2 +... (146)

The Padé approximant is unique for a given n and m, that is, the coefficients
8y, 8y,...,a,, by,b,...,0,, can be uniquely determined. It is for the reason of
uniqueness that the zero order term hy, at the denominator of R, ,(X) is usualy
chosento be 1.

Padé approximant is developed by Henri Padé. It often gives a better
approximation of the function than truncating its Taylor (or Maclaurin) series,
and may still work where the Taylor series does not converge.
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Determination of coefficients a (i<n) and b, (j<m) can begin from the
equation system containing equation R, (X)Q,,(X) = P,(x) and its derivatives.

According to the formula (A.24) for multiple derivatives of products (see
Appendix A.5)

PR Q) R g0 (1.47)
ZG-pr o
Upper index in the brackets denotes derivative, eg. P (x)=P/(x). By the
definition R?(x)=R,.(x), QP (x) =Q,,(x) and P (x) = P,(x).

Since (&) =R (&) (1.44), and since derivatives of the polynomiasat x = &
are BV(£) =ila and QI (&) = j'b; , from the equation (1.47) follows

0@, 17O, 179 10

Ty Mg 2t T (148)

Thefirst k equations (1.48) can be written in the matrix form

I %f) 0 0 0 .. 0

0@ 1

1 o 0 0 .. 0 N a
f‘Z(e”) f“;(é) f ((f) o . o & |

d b2 ~ 2

9@ 199 9@ 1© o, 71 %[ %

3 o 1 o .. 0 a,
(99 199 199 99

4 3 2 p ¥ la,
(0@ 1999 1429 1999 1@

k! k-1! (k-2 (k-3 T O |

By putting & =0 for i >n, b; =0 for j>m and b, =1 alinear equation system
can be obtained whose solution are coefficients & (i<n)and b; (j<m).
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Example 1.5. Padé approximant. For n=m=2 and £=0, the equation
system (1.49) reduces to

f (0) 0 0 a,
f3(0) f (0) 0 1 a

2@ 190 f(0) [bt={a,t. (1.50)
%f(3)(o) %f(z)(O) f(l)(o) b, 0

500 90 2 f2(0) 0

This equation system can be divided into the two equation systems, the first
one determining coefficients b, and b, :

1
290 @0 90 0
? (4)( ) L (3)( ) 1 (2)( ) Z{ } (et
=70 (0 ;190 b, 0
and the second one determining coefficients a,, a, and a,:
a, f(0) 0 0 |1
a = fP0 f(0O 0 {b}. (1.52)

a,) |3f?0) f90) ()b

Consider approximation of the function f(x)=€*. Since €’=1 and
f (0) = €° =1, the equation systems to be solved are

{1/2 1}{@}:{—1/6} e
1/6 1/2||b,| |-1/24
and

a, 1 0 01

ar=1 1 0f{b;. (1.54)

a,| |12 1 1||b,

Their solution is: b =-1/2, b,=1/12, a,=1, & =1/2 and a, =1/12.
Therefore, the function f (x) =€ can be approximated with
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1+ x/2+x%/12 12 + 6X + X2

_— X) = . 1.55
1-x/2+ x%/12 Re2(X) 12 - 6% + X> (159

R 2(X) =
By using the same procedure other approximations of the function f (x) = ¢e*
can be found, such as

Rio(X) =1+ X+ 232 + 23 + 2 X,

24 +18X + 6X° + X°

X) =
Raa(®) 24— 6x
R ,(X) = 24+ 6X (1.56)
= 24-18x+6x% - X3’
1
Ro.4(X) = 1.3, 1 4"

1.2
1 X+ X =X+ 5 X

Notethat R,,(x) isequivaent to the polynomial obtained as Maclaurin series
(21.33) truncated to the first five elements.

1.1.4 Comparison of approximation errors

In approximations by using Taylor or Maclaurin series expansion, as well as in
Padé approximations, error increases rapidly away from the centre of
approximation interval. This can be illustrated by Padé approximations of the
function f(x)=e€" at point £ =0 with the rational functions R,, (n+m=2),
which are described in Example 1.5. The approximations based on Taylor
and Maclaurin expansions are special cases of Padé approximations with
polynomial R, ,.

Comparison of approximation errors E=¢e* - R (x) of the function f(x)=¢€"
a point £=0 is given in Tab. 1.1 and illustrated by plots in Fig. 1.1.
Comparison of corresponding relative errorsis given in Tab.1.2 and illustrated by
plots in Fig. 1.2. Among the analysed approximations, the smallest relative
approximation error E/e*=1-R (x)/€* on the interval [-11] has Padé
approximation with the rational function R,,(x). In addition, the function
R, ,(X) requires less numerica operations then the polynomial R,,(x) that can
be obtained by Maclaurin series expansion.
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Tab. 1.1. Errors E=¢€" - R,,(x) in Padé approximation of €* at £=0

(n,m)
X et
(4,0) (31 (2,2) (1,3) (0,4)
-1 |0,3679|-0,0071 0,0012  |-0,00054 | 0,00053 |-0,0014
-0,75 |0,4724|-0,0018 0,00033 |-0,00016 | 0,00018 (—0,00050
-0,5 |0,6065|-0,00024 | 0,000049 |-0,000027 | 0,000032 [-0,00010
-0,25 |0,7788|-0,0000078 | 0,0000018 |-0,0000011 | 0,0000014 |—0,0000052
o 1 | o | o | o | o | o
| 0,25 |1,2840| 0,0000086 |-0,0000023 | 0,0000018 |-0,0000029 | 0,000013
0,5 [1,6487| 0,00028 |-0,000088 | 0,000073 |-0,00013 | 0,00065
0,75 (2,1170| 0,0023  |-0,00079 | 0,00072 |-0,0015 0,0078
1 |2,7183| 0,010 —0,0039 0,0040  |-0,0090 0,052
0,006
E |/
0,004
0,002 / /
0 y
/ Rao
-0,002 Ray
/ R22
-0,004 Ris
/ — Ro,4
—0,006
=] -0,5 0 0,5 1

X

Fig. 1.1. Comparison of errors E=¢e* - R _(x) for Maclaurin (R, )
m 4,0

and Padé approximationsof € at £=0
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Tab. 1.2. Relative errors 1- R (x)/ e in Padé approximation of € at £=0
(n,m)
X e*
(4,0) (31) (2,2) (1,3 (0.4
-1 0,3679 |-0,019 0,0033 —-0,0015 0,0014 -0,0037
-0,75 |0,4724 |-0,0038 0,00070 |-0,00034 0,00037 |-0,0011
-0,5 |0,6065 [-0,00040 0,000080 |-0,000044 | 0,000053 |-0,00017
et W e B e e
o Ao L R CR. R
0,25 |1,2840| 0,0000018 |—-0,0000018| 0,0000014|-0,0000023( 0,000010
0,5 |1,6487| 0,00017 |-0,000053 | 0,000044 |-0,000080 | 0,00040
0,75 (2,1170| 0,0011 —0,00037 0,00034 |-0,00070 0,0038
1 2,7183| 0,0037 -0,0014 0,0015 —0,0033 0,019
0,01 N\ -
E/e*
| | | — R4’0 /l
0,001 N
R2,2
Rl,3
—_— R
0,0001 \ o4
0,00001
0,000001 !
-1 -0,5 0 0,5 1

X

Fig. 1.2. Comparison of relative errors |[E/e” |5|1- R ,,(X)/€* |

for Maclaurin (R, ;) and Padé approximations of €* at £ =0
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1.2 ORTHOGONAL SERIES EXPANSION

Consider an expansion of afunction
f(x)=> 8600, xeQ, (1.57)
n=0

in a series of coordinate functions ¢,(x), which are orthogonal with respect to
the so called weighting function w(x) on a domain Q. Such series, called
orthogonal series, are generalisation of the Fourier series (Chapter 3).

1.2.1 Orthogonal functions on a continuous domain

Two functions ¢,(x) and ¢,,(x) selected from a set of functions {¢,(x)} are
orthogonal with respect to a weighting function w(X) on a continuous domain
Q (can be aninterval, area, volume, etc.) if

=0, n#m,

[ W09 6,00 61 (x) d(%) { (158)
Q

#0, n=m.

This integral is called weighted inner product. By introducing the following
notation for the weighted inner product on a continuous domain®

(@)= [ W09 90 (%) dR(x), (1.59)
Q
the condition of orthogonality (1.58) can be written in asimpler form
=0, nzm, 1.60
Gt 1 Lo nem (1.60)

If thisrelationship holds for all mand n, afamily of functions ¢,(x) constitutesa
set of orthogonal functions {¢,(x)}. Well known families of orthogonal
functions are the sets {sinng} and {coshg} which are orthogonal on the
interval [-7zz,7]. Severa families of well-known polynomials do possess the
property of orthogonality. The most known sets of such kind are the Legendre,

* Notation (¢,p) for the weighted inner product is used instead of the form (¢,y)
frequently used in some mathematical books, to avoid confusion in interpretation of
terms f(x,5), X(X;,X,) , €C.
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Chebyshev, Laguerre and Hermite polynomials. The set of monomials’® such as 1,
X, %%, XC, ..., X (superscripts are exponents) are not orthogonal.

The special class of orthogonal functions are orthonormal functions. If a
weighting function w(x) is positive on a domain , possibly with a finite
number of zeros, than the inner product

(Bhsth) = [WOY 16, (17 dA(x) (1.61)

is positive and a set of orthogonal functions {@,(x)} can be normalised by
dividing each function ¢,(x) with its norm®[3]

AN IS (1.62)

The normalised set of functions

mm?fmwm, (163)

is said to be orthonormal with respect to a weighting function w(x) on a domain
Q . These functions have the property

R — 0, n#m,
(O P0) = { _ (1.64)
L n=m,
or, shorter
(s ) = O (1.65)

Herein, o,,, represents the Kronecker’s delta symbol that has values 6,,,, =1 for
m=n and J,,, =0 for m=n.

®> Monomial is any value obtained from 1 by finitely many multiplications by a variable
or variables. If only a single variable x is considered this means that any monomial is

either 1 or apower x" of x, with n as positive integer. If several variables are considered,
say, X, X, and x,, then each can be given an exponent, so that any monomial is of the
form x"x32xg® with n;, n, and n, anonnegative integers (taking note that any exponent
0 makes the corresponding factor equal to 1). Notation can be shortened by writing
n=(n,,Nn,,n;), when it can be defined x" = x* x92x3° .

® In general, the p-norm is defined as |, = p\/jgw(x) [, (X)]P dQ(X) -
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1.2.2 Orthogonal functionson a discrete domain

Two functions ¢,(x) and ¢,,(x) selected from afamily of functions {¢,(x)} are

orthogonal with respect to weighting coefficients w* over a discrete domain (i.e.
afinite set of K distinct points &) if

=0, nzm,

D W (&) #n(E) { (1.66)
k=1

#0, n=m.

The sum on the left side is called weighted inner product, as the integral on a
continuous domain (1.58). By introducing the following notation for the
weighted inner product on a discrete domain

K
(D) =D WHE ) (Y, (167)
k=1

the condition of orthogonality (1.66) can be written in a ssimpler form which is
equal to that in the continuous case (1.60). The difference is only in the
definitions of inner products (1.59) and (1.67).

If condition (1.66) holds for al m and n, the family of functions {4¢,(x)}
constitutes a set of orthogonal functions on a discrete domain. Well known
families of orthogonal functions on a discrete domain are the sets {sinng} and
{cosng} which are orthogonal on the equidistant set of points on the interval
[-7, 7] . Several families of well-known polynomials do also possess a property
of orthogonality on a discrete domain. The most known sets of such kind are the
Gram and Chebyshev polynomials.

The special class of functions which are orthogonal on a discrete domain are
orthonormal functions. If weighting coefficients w* are positive, then the inner
product on a discrete domain

(Bna) = D W, (£ (1.68)
k=1

is positive and a set of orthogonal functions ¢,(x) can be normalised by dividing

each function ¢,(x) withitsnorm |g,| = /(4,.4,) .
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Normalised functions ¢,(x) = ¢,(x)/|¢,| (for each n) are orthonormal with

respect to weighting coefficients w* on a particular finite set of K distinct points
£¥. The properties of orthonormal functions are already specified by expression
(1.64) (and (1.65)).

1.2.3 Expansion in orthogonal series (generalised Fourier coefficients)

Assuming that a series on the right side of equation (1.57) convergesto f(x) on
a domain Q, both sides of (1.57) can be multiplied by w(x) ¢, (x) and
integrated over adomain Q:

(W00 £00 (0 d2 =3, [W(x) 6,(x) 6, (x) 4. (1.69)
Q n=0 Q

Since the set of functions {¢,} is considered orthogonal on a domain €, some
integrals vanish. Therefore, it follows

W) £ 6,9 a2
(e o

Gt [WOO 9,9 d2

B (1.70)

So obtained coefficients £, are called generalised Fourier coefficients.

Function f(x) that depends on M arguments X, X,,...X,, can be easily expanded
into aseries

FOO=D0 D D By, S 0D 06).. e (%) (1.71)
n=0n,=0 ny=0
of functions ¢!, ¢i7, ..., ¢! that are orthogonal with respect to functions
W (%), W (x,),...wMI (x,,) on independent intervals [a,,b], [a,.b.], ...
[ay.by] (Fig. 1.3), i.e. into aseries of coordinate functions that satisfy condition
(Vr=12,...M)

br p—
.[\A,[r](xr)¢r£:](xr)¢r£:,](xr) dx, { ;8’ m #n,, 1.72)
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X, A
b2 ______
X(%, X
Xy, p-mmmmq-mmm - o ( %11 %o )
5 Q
Y R 5
& % by %

Fig. 1.3. Example of independent intervals in the 2D space

Both sides of the series (1.71) can be muitiplied by ¢! (x,)¢k2 (x,)... 80" (%)

and w(x) =W (x )Wt (x,)..wMI(x,,), and integrated over intervals [a;,b ],
[a,,b,], ..., [ay,by ] The results are generalised Fourier coefficients

bb, by
[ [ JwO9 002 00082 (0. g (6 b . Oy
=_4% B . @73)

ﬁnlnz...nM = b, by
{ | mﬂ”(xl)w&](xl)]zdxl}.{jvv””%xmwﬁy](xm 1P o,

Approximation function F(x, £) (1.4) (or (1.6)) isapartial sum of the first N (or
N =N;N,...N,, ) elements.

It should be emphasized that once when an approximation of afunction f(x) by
using generdised Fourier coefficients £, is found, it is not necessary to
recompute these coefficients when the number of elements in a partial sum S
(1.10) is changed (e.g. for finding a better approximation by including more

elements of seriesin summation). This is sometimes referred to as the principle
of finality.

1.2.4 Approximation on a discrete domain

Consider that an approximated function f(x) is defined by a table, i.e. by

sampling values f* = f(£¥) inafinite set of K sampling points £. Generalised
Fourier coefficients are [4]:
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ZK)wk *,(£")
B, = () _ it (1.74)

= m .
<¢n’¢n> zwk [¢n(§k)]2
k=1

Although approximation function F(x, £) in the discrete case has the form equal
to that in the continuous case (1.10), there is one crucia difference. By the K
values ¥ = (&%) of function f(x) inthe K distinct sampling points £* it can
be determined up to K generalised Fourier coefficients 4, (n=0,1,..., K -1).
Coefficients £, (n=K) are assumed to be zero.

Therefore, an approximation function ?(x,ﬁ) is restricted to the first K
summands £.4, (i.e. n=0,1,..,N-1and N <K). Using al N summands £.4,

turns the approximation into the interpolation (i.e. in that case f~(§k, p)=f* for

al sampling points &£¢).

In the case when a function f(x) depends on M arguments X;,X,,...Xy ,
sampling points can be arranged in the form of mesh, asthose shown in Fig. 1.4.

%)
3 Ko 9 o (K., K,)
- '(2,k2) [ ](kl,kz) [l (K., k)
3 .- 31 ey [ Jua | (Ky.3)
2
A D S O
5 k- 11 I I I I |

. 2.3 . K,

F 2 £ & ——

Fig. 1.4. Example of a mesh of sampling pointsin the 2D space
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Inthiscase, afunction f(x) can be easily approximated with the series (1.71) of
coordinate functions ¢f/(x) that can be grouped into the sets {4}'(x)},
{#2 (%)}, ..., {85 (%)} . Each set of these functions ¢{(x,) (for particular r)

are orthogonal with respect to the corresponding set of coefficients
{ws Ity =gt WA WKy e it is assumed that al sets of these
coordinate functions satisfy the condition of orthogonality

(Vr=12,..,M)
Kf
D we gl (g gl {
k=1
Both sides of the series (1.71) can be multiplied by w gl (&e) , whllgld (gey

., wkM[M]¢>,[n'\$](§,'(,,M ) and summed over indexes k, =1,2,....K;; k,=1,2,...K,;

o ky =12,...,Ky, . Theresult isaset of generalised Fourier coefficients

=0, m=n, (1.75)
0, m =n,.

K, K, Ky
ST wket gl gl 2y gl21 o) g (o)
ky=1k,=1 Ky =1
Bryny =2 . . (L76)
[Zwkﬂ”m&? (eik)]ZJ .. [ 3w MM (sl )]ZJ
k=1 Ky =1

where wie-tn = whllyfel2 . wkIME - only the firg K = KK, ---K,, coeffici-

ents can be determined. Therefore, the approximation function f~(x, p) isrestricted
to the first K summands.

1.2.5 Convergence of orthogonal series

Orthogonal series (1.57) with generalised Fourier coefficients £, (1.70) or (1.74)
corresponds to the function f (x) . But, itisapriori unknown if a partial sum S
(1.10) converges or even, when it does converge, does it convergeto f(x). In
practice, convergence is assured if f(x) and its first derivative f’(x) are
piecewise continuous on adomain Q.

A function f(x) issaid to be piecewise continuous on adomain if

(i) the domain can be divided into a finite number of subdomains in each of
which f(x) iscontinuous and



1. Introduction to Approximation 37

(ii) the limits of f(x) as x approaches boundary of each subdomain are
finite.

Example of the piecewise continuous function f(x) defined on an interval

[a,b] isshown on Fig. 1.5. On each subinterval the function f(x) is continuous

and the limits of the function f (X) as x approaches endpoints of each subinterval

are finite.
f(x) A

_—
-

a b X
Fig. 1.5. Example of piecewise continuous function on [a, b]

In other words, piecewise continuous function is the one that has at most a finite
number of finite discontinuities [5].

1.3 LEAST-SQUARES APPROXIMATION

The principles of least-squares’ is in minimising the integral of the squared
approximation error [f(x)-— f~(x,,8)]2 (optionally multiplied by weighting
function) over a given domain (in the approximation of continuous type), or in
minimising the sum of the squared approximation error [ f(£*) - f (&, 8)]
(optionally multiplied by weighting coefficients) over a discrete set of K distinct
points &£ (in the approximation of discrete type).

" The principles of least-squares are independently discovered by German Carl Fridrich
Gauss (1795), Frenchman Adrien-Marie Legendre (1805) and American Robert Adrian
(1808). An early demonstration of the strength of the method came when it was used to
predict the future position of the newly discovered asteroid Ceresin 1981. On January 1,
1981, the Italian astronomer Giuseppe Piazzi discovered Ceres and was able to track its
path 40 days before it was lost in the glare of the sun. The only predictions that
successfully allowed Hungarian astronomer Franz Xaver von Zach to relocate the Ceres
where those performed by the Gauss using least-squares analysis.
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In ageneral case, afunction

9(x) =y W(x) f(x) 1.77)
is approximated by an approximation function
G(x, ) = W) f (x5, (1.78)

where w(x) is a positive function (in trivial case w(x)=1) applied “as is’
(without approximation). A function f(x) is approximated with an
approximation function F(x, 0.

1.3.1 L east-squares on a continuous domain

Approximation error is defined as

900 - G0x B) = W0 [ ()= F(x, B)] = W(x) R(x, B). (1.79)

If the functions g(x) and f(x) depend on the single argument X, the mean
square error isdefined on an interval [a,b] by

b
E.(8)= rlajw(x) R?(x, ) dx
1 . (1.80)
:ij(x)[f(x)— f(x, B)]? dx.

In the general case functions g(x), f(x), ... can depend on M coordinates
Xy, X, Xy Of @point X = X(X;, X,,..., Xy, ) . For that reason it is convenient to define
the mean square error on adomain Q (can be aninterva, area, volume, etc.) as

1 2
E = R*(x, ) dQ
ws(B) Idg(x) iw(x) (x, 8) dQ(x)

° (1.81)
I IW(X)[ F(x) = f(x, B)]? dQ(x) .

Q

The least-squares method consists in minimising the mean square error E..(5)
on agiven domain Q by choosing adequate coefficients £, . From the condition
of extreme in the respect to the coefficients £, it follows
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aEan;r(nﬂ) -0= iw(x)[ f(x) - f(x, ﬂ)]%dﬁ(x) -0. (1.82)

For an gpproximation function of linear type F(x, B) =2 B.¢4,(x) anditsderivative

o (xB) B,
Bn gaﬂm

it follows
(Ym=0,..,N-1)

[ W) £ (), (00d2(x) ~ X 5, [ WO, (i (X)) =0,
Q n=0 @

0 (X) = (X)) , (1.83)

(1.84)

This linear equation system can be expressed in the terms of weighted inner
product on a continuous domain (1.59) as

(Vm=0,..,N 1) Z<¢n,¢m>/f =(f. 0. (1.85)

Therefore, unknown coeff|C|ents B, can be found by solving linear equation
system

(Vm=0,..,N-1 %amnﬂn =D, (1.86)

determined with coefficients

B = (B 0) = [ W(X) 6,(X) 610 (X) A2,
’ (1.87)
b = (1) = [WOX) (%) 61,(x) dR(9).

Unfortunately, the linear equation system obtained by the least-squares method
can be ill-conditioned so that its numerical solution (coefficients ) can have

intolerable error (see example at the end of Chapter 1.3.2).

1.3.2 Least-squares on a discrete domain

Let the approximated function f(x) be defined by a table, i.e. by sampling
values f* = f (&) on the finite set of K sampling points £*. The mean square
error is defined as a sum of weighted squared residuals on K sampling points &
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Erel) = Y WREE )
k=1

LK (1.88)
== W= (B2
K k=1
Weighting coefficients w* are considered positive.
From the condition of extreme in the respect to coefficients £,
(vm<k) &) _o (1.89)
9B
it follows
ZW [fk- (& B o, 1) =0. (1.90)

P
I_rj the approximation of linear type, derivative of approximation function
f (£, B) (1.4) at thepoint & is
ot (€5, 8) K95,
AP YT
Substitution of this derivativeinto (1.90) giveslinear equation system
(Vm=0,1,..,N -1)

ZW FX0n(E) - Zﬂ Zw (X 3a(£¥) =0,
n=0 k=1

$(EX) = dn(£Y). (1.91)

(1.92)

whose solution are coefficients £, (n=0,1...,N—-1, where N <K).

This linear equation system can be expressed in the terms of the weighted inner
product (1.67) on adiscrete domain as

N-1
(Vm=0,1..,N=1) > (d.d)f, =(f ¢, N<K. (1.93)

n=0
This linear equation system is the same as that obtained by the least-squares
method on a continuous domain, but limited to N <K equations. Therefore,
the unknown coefficients £, can be found by solving linear equation system

N-1
(vm=0,.,N-1) > a,B,=b,, N<K, (1.94)
n=0
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determined with coefficients

A = ) = D WG, () 6,(£),
k= (1.95)

K
B = F o) = D WH g (£5).
k=1

As in approximation on a continuous domain, coefficients £, found as a solution

of linear equation system (1.94) can have intolerable error. Clearly, for the small
values of N, say up to 6 or 7, experience indicates that a solution of (1.94)
produces quite good | east-squares approximation. But for the greater values of N,
a solution found by solving (1.94) generally leads to the progressively poorer
least-squares approximations [6]. An explanation of this can be found in the
following example.

Example 1.6. lll-conditioned matrix in the least-squares approximation.
K

Substitution of ¢,(x) =x" and w* =1 into (1.95) gives a,,, = kgl(gk)“”“. For

convenience, it can be assumed that sampling points £ are all distributed

uniformly on the interval [0,1] . For a large number of sampling points K the
approximation
K

K
_ k n+m _

should be a good one. Let A =[a,,,] be amatrix of coefficients in (1.94) that
can be approximated with K times the matrix Hy, where

mn=0,..,N-1, (1.96)

1 1 1 1]
2 3 N
11 1 1
2 3 4 N +1
Hy=|1 1 1 1 (1.97)
3 4 5 N+2
1 1 1 1
N N+1 N+2 =~ 2N-1]

This matrix is the principal minor of order N of the so called infinite Hilbert
matrix and represents classical example of an ill-conditioned matrix.

A matrix is ill-conditioned if, when it has been normalised so that its largest
element has order of magnitude 1 (as element in the first row and column of
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matrix Hy), its inverse has very large elements. For example, when N =6, the

inverse of Hg has elements of magnitude 4-10° [7]: (1.98)
- -
—-630 14700 symmetric

3360 —88200 564480
-7360 211680 -1411200 3628800
7560 -220500 1512000 -3969000 4410000
| — 2772 83160 -—582120 1552320 -1746360 698544 |

He ' =

When N =10, the inverse of Hyo has elements of magnitude 3-10'2. The
result of thisis that any round-off error incurred in entering the coefficients of
Hy into the computer would result in an inverse matrix whose huge
coefficients greatly magnify initial round-off errors making the fina result
useless.

1.3.3 Least-squares with orthogonal functions

Solving linear equation system (1.86) or (1.94) obtained by |least-squares, can be
avoided if the chosen family of functions {¢,(x)} constitutes a set of orthogonal
functions (Chapter 1.2).

By using an orthogonal set of functions ¢, , i.e. the functions that satisfy the
condition of orthogonality (1.58) or (1.66), the coefficients a,,, in (1.87) or
(2.95) in linear equation system (1.86) or (1.94) obtained by the least-squares
become

=(q ¢>—{ o - mn (1.99)
amn_ m'%n/ — <¢n’¢n>, m=n. .

The solution of linear equation system (1.86) or (1.94), the coefficients /£, ,

become equal to generalised Fourier coefficients £, =(f,4,)/{(¢,,4,) (1.70) or

(1.74) that have aready been obtained by the orthogonal series expansion.
Therefore, they are independent of a number of equations.

For that reason, it is often said that approximation function F(x, B (14) asa
partial sum Sy (x, ) (1.10) of the first N elements of orthogonal series, in which
B, are generalised Fourier coefficients, is an approximation in the least-square
sense or aleast-square approximation of afunction f(x) .
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2. LEAST-SQUARES POLYNOMIAL
APPROXIMATION

Due to its simplicity, a least-squares polynomial approximation is the most
frequently used type of the least-squares approximations. It can be applied on a
continuous domain and on a discrete domain.

2.1 APPROXIMATION ON A CONTINUOUSDOMAIN

Let the function f(x) be approximated with the polynomial

f(xa)=) ax, (2.1)

whose coefficients ¢, are determined by the least-squares method, as it is
described in this chapter.

By analogy to (1.80), the mean square error is defined on an interval [a,b] as

b
E () == JWOILF 09 = T, )]
2 (2.2)

1 b N-1 2
- F9-Y arx | .
b_aiw(x)( (x) ;aXJ X

From the condition of extreme in the respect to coefficients ¢, it follows
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(Vn=0,..,N-1)
¢ N-1
EE#::IQ)ZOSQW(X)(‘C(X)—;&,%JX” dx =0, (2.3)
or
(Vn=0,..,N-12)
> (2.4)

b b
arjw(x) X" dx=_[w(x) f(x) x" dx.

-

This linear equation system can be expressed in the terms of weighted inner
product on an interval [a,b] :

b
(D) = [ W) 9(x) p(x) dx (25)
as
N-1
(Vn=0,...N=1) > o (X", x")=(f,x"). (2.6)
r=0

Solution of this linear equation system are coefficients ¢, .

As it is aready outlined in Chapter 1.3.1, a linear equation system obtained by
the least-squares method can be ill-conditioned and its numerical solution
(coefficients ¢, ) can have intolerable error.

To avoid solving the linear equation system (2.6), function f(x) can be
expanded into the series

F(B) =Y Bpa(X) (2.7)
n=0
of orthogonal polynomials

Pa(X) =D 8y X =2y + 8, X"+ By X+ By, (28)

r=0

i.e., the polynomials whose coefficients a,, are determined by the orthogonality
condition
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m#n,

b
=0,
(Pas Pr) = [ WOX) Py (30 Py (%) I { . (29
A #0, m=n,

with respect to some weighting function w(x) on aninterval [a,b].

Orthogona polynomials p,(x) are a very important subclass of orthogonal

functions. They are defined to be such that the n-th polynomial is of degree
exactly n, and they naturally have all the properties of orthogonal functions plus
the peculiarity of polynomials.

The coefficients £, in expansion (2.7) are generalised Fourier coefficients that
can be obtained by setting ¢,(x) = p,(X) into (1.70) as

b
f W) 1) p,(x) o
B = << ’pn>> —a _ (2.10)
AR [YETERCIR™

These coefficients can also be obtained by the least-squares method as it is
described in Chapter 1.3. For that reason it is often said that the approximation
function

F,B)= > Bapa(), (241)
n=0

defined as a partiad sum of the first N elements containing the orthogonal
polynomials p,(x) with degree n up to N —1, is the polynomial least-squares
approximation of function f(x) .

A specia class of orthogonal polynomials are orthonormal polynomials. If the

weighting function w(x) is positive on an interval [a,b], possibly with the finite
number of zeros, than the weighted inner product

b
(Pas Pa) = [ WOI L, (0] ol (212)

is positive and a set of orthogonal polynomials { p,(x)} can be normalised by
dividing each polynomial p,(x) withits norm[3]:

|Pa]| = V(Pns Po) - (213)
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The normalised polynomials

1,00 =22 tor each ), (2.14)

[Pl

are said to be orthonormal with respect to a weighting function w(x) on an
interval [a,b] . These polynomials have the properties

(P Pa) = s || Ba] = 4(Pn o) =1, (2.15)

where 6,,, represents the Kronecker’s delta symbol that is aready defined in
Chapter 1.2.1.

Hence, if afunction f(x) isexpanded into a series of orthonormal polynomials

f(xB) =S BB, (2.16)
n=0

the corresponding generalised Fourier coefficients are

b
B =(F,B0) = [W(x) () By(x) dx. (2.17)

Form of approximation function f~(x,ﬂ) (2.11) is not convenient for numerical
manipulation. By substituting orthogonal polynomials p,(x) (2.8) in approxima-
tion function F(x, B) (2.11), it can be obtained

fxf) = Z_(ﬂnZamx'J = Z_[Z_ﬂnam] X=X (2.18)

r= n=r r=0

Therefore, the approximation function f (x,B) is polynomial of degree N -1

that can also be expressed in the form of F(x,a) (2.1). Coefficients ¢, can be
calculated from coefficients a,, and S, as

N-1
& = Bt (2.19)

They can be determined once for ever for the particular functions f(x) and
w(x) defined on aninterval [a,b] whose boundaries can be finite or infinite.
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2.2 ORTHOGONAL POLYNOMIALSON A CONTINUOUS
DOMAIN

There are several polynomial family sets orthogonal with respect to different
weighting functions w(x) on acontinuous interval, some of which arelisted in Tab.

2.1. The most important are Legendre polynomials, Chebyshev polynomials,
Jacobi polynomials, Laguerre polynomials and Hermite polynomials.

Tab. 2.1. Classical orthogonal polynomials on a continuous domain

Name Symbol |Domain|Weighting function Chapter
Legendre P.(x) | [-11 |2 2.2.3
Associated Legendre | PX(x) | [-14] |1 224
Shifted Legendre P(x) | [0 |1 2.2.6
Chebyshev (1%kind) | T,(x) | [-11 |1/41-x2 4.1
Chebishev, shifted | T.(x) | (04 |1/4/x—x* 4.2
Chebishev, 2™ kind U,(x) | -1 |1-x? 4.4
Jacobi Q¥ (x) | [F11 |a-x)*A+x)’, a,f>-1| 229
gr”éaesg:nebr;iae'r co(x) | [F11 |@-x®)*Y2, a>-1/2 | 229
Laguerre L,(X) | [0,) |7 2.2.10
Laguerre, generdlized | L%(x) | [0,) |x%&™, a>-1 2211
Hermite, probabilists | H,(X) |(-ee,00) |gx"/2 2.2.12
Hermite, phisicists H,(X) |[(—o0,0) | g ¥ 2.2.12
Zernike Z"p0)| G | p= i e x 231

It is aso possible to find a set of polynomials that are orthogonal with respect to
an arbitrary weighting function w(x) on an arbitrary interval [a,b]. Due to its
importance, some polynomials and related agorithms are described in the
following chapters, asit islisted in Table 2.1. In addition, in Chapters 2.2.1 and
2.2.2 two general algorithms are presented for generating polynomials orthogonal
with respect to an arbitrary weighting function w(x) on an arbitrary interval
[a,b] . These two agorithms are based on different approaches, but they provide

the same results.
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2.2.1 Generating orthogonal polynomials
For any weighting function w(x), which is positive everywhere (except possibly

in a finite set of points ¢ where w(¢c*)=0) and integralable on a closed
interval [a,b], there exists a corresponding set of orthogonal polynomials[7].

Let these orthogonal polynomials p,(x) be standardised so that their leading
coefficients have vaue 1 (i.e, that they have the form p,(x)=x"+...). The
monomia x" of order n can be expanded with the first n+1 orthogonal
polynomials p,(x), p,(x), ..., p,(X) by using the equation

n-1

X" = P, (X) + D YomPn(X) - (2.20)

m=0

Therefore, the orthogona polynomia p,(x) = x" +..., can be defined as

Ba(¥) = X" = 3 uBn(X), n21. (221)

m=0
To find coefficients y,,,, both sides of that eguation can be multiplied by
w(X) p, (x) and integrated over aninterval [a,b]:

b
[Wep, (P, (0 dx =

(2.22)
b n-1 b
= [WO P00 X GX = D Yo [ WOR) B, (X) P () .
a m=0 a
This can also be written in the terms of weighted inner products as
n-1
<pr1pn>:<pr’xn>_zynm< prvpm>' (223)
m=0

Due to presumed orthogondity condition (2.9), from (2.23) and for r = n it can be
obtained

(Prs Po) = (Pp, X"} 0Or (P, ) = (P, X)) (2.24)
In addition, from (2.23) and for r < n it follows

_ P X _ (P XY
(PP (prX)

Vor r=0,..,n-1. (2.259)
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It is convenient to replace index r with index m so that
_ (P X") _ (P X

(P Py (P X™
Recursion starts with

Po(X)=1= ay0=1,

_{P0X) _ (390 %)

(PoD) (g’
PL(X) = X=¥10P(X) = a3 =1, &y =~V10800,
_(Po X _ (30, X)

(Poh)  (@god)
_ <p11X2> _ <al,1x+a1,O'X2>

(P (agx+agl

m=0,..,n-1. (2.25b)

nm

10

V20 (2.26)

21

1
pz(x)zx—ZJ/z‘mpm(X) = a,=1a,,=..

m=0

For the calculation of inner products (p,,x") and {p,,X") it is necessary to
determine coefficients a, of the orthogona polynomials p,(x) (2.8).
Substitution of the orthogonal polynomial p,(x) (2.8) into formula (2.21) gives

n n-1 m
Zaanr = X"~ Zynmzamr X (227)
r=0 m=0 r=0

Since,

n-1 m n-1/n-1
S 3t =5 S ¢ 229)
=0 r=0

r=0 \.m=r

the equation (2.27) can be transformed into

(ann _1)Xn + i(aﬂr + iynmanrjxr =0. (229)

r=0 m=r
This equation isvalid for any x only if the coefficients a,, of polynomias p,(X)
(Vn=1), which are supposed to be orthogonal, are

ann :1’

ol 2.30
8y == VomBm» F=01..,n-1 (2:30)
m=r
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It is now possible to calculate inner products {p,,,x") and { f, p,). Note that the

inner product (p,,,x") isaspecia case of (p,,x") . By substituting p,(x) (2.8)
into inner products it can be obtained

m m b
(pm,X“)=Za1w(xr,x”>=2amrfw(x)x’*“dx,

~ ~ -’ (2.31)
(Fopn) = Dan (F,X) =D a, [wix) f () X'dx

r=0 =0 37

To apply developed formulas, it is convenient to introduce auxiliary variables

w(x) x"dx,

w(x) f(x) x"dx, (2.32)

b
|,=j
a
b
3=
a

dn :<pnv pn> =<pnvxn> zzanrlwn'

r=0

Therefore,

(P X)) 1<

nmzm—z_ ayliin, M=0,..,n-1,
TICRRrS

(2.33)

(f,pyy 1<

ﬂnz—nz_ anr\]r.
(Pns Pn) dn;

Complete procedure for determining coefficients a,, of orthogonal polynomials

p,(x), coefficients B, and coefficients ¢, (2.19) is given in Algorithm 2.1.

Obtained coefficients ¢, define resultant approximation polynomial in the form

~ N-1

f(x,a)= Zoa,xr (2.1) that is the most suitable form for further numerical
r=

manipulation.
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Algorithm 2.1. Coefficients ¢, for the orthogonal polynomial approximation
with an arbitrary weighting function w(x) on acontinuousinterval [ a,b]

List of input variables: N, a, b,*w,*f // “*” denotes pointersto w(x) and f(x)
List of output variables: o, /[ “II" denotes the beginning of a comment
// Polynomial p,(x) =1
8y0=1
Calculate_and_store_integrals 1,, J, // Equation (2.32)
do=1o
Bo =30/ dg
/l Polynomials p,(X), ..., Py_1(X)
forn=1,...N-1
Calculate_and_store integrals I, ,, |,,, J, // Equation (2.32)
Il Expansion of x" into series of polynomias py, ..., p, (2.20), (2.33)
for m=0,..,n-1
¥ :i g a, |
nm dm =0 r°r+n
endfor
I Coefficients a,, (2.30) of orthogonal polynomia p,(x) (2.8)

forr=0,..,n-1
n-1

a, =- mZ:r Y om@mr
endfor
8y =1

dn oanr|r+n 1 dn :<pn’xn> (2-32)

1]
I M=

r

Ms

B =
endfor

/I Calculating coefficients ¢, of approximation polynomial F(x, o) (2.1
forr=0,..,N-1

a,J,/d, [/ Generalised Fourier coefficients (2.33)

r=0

N-1
a, = Er By /I Expression (2.19)

endfor
end
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2.2.2 Generating orthogonal polynomials by recursion

Another, more usual method for generating orthogonal polynomials p,(x) isthe
one using recurrence

pO(X) = 1!

P (x) =0, (2.34)

pn(x):(X_hw)pn—l(x)_cn—lpn—Z(X) , nhx1,

where b, and ¢, (n=12,...) are constants that have to be determined. So

defined polynomials are standardised by the condition p, =x"+...(leading
coefficient hasvalue 1).

Recursion formula (2.34) can be multiplied by w(x)p,,(X) and integrated over
aninterval [a,b] to obtain

b b
[ WO P () Py () X = [ WO X0, (X) Pr s () X -
a a (2.35)

b b
=, [ W) Py (30 P2 (X) 1= Gy [ W) Py () P o ()

This recursion formula can be expressed in the terms of the weighted inner
products

< Pms pn> = <Xpm1 pn—1> - bn< P» pn—1> - Cn—1< Pms pn—2> ' n>1. (236)

In the first step, such polynomial p,(x) that is orthogonal to p,(x)=1 will be
found from the condition that (p,, p,)=0. For n=1 and m=0, the recursion
formula (2.36) gives

(Pos P = {(XPos Po) = Bi{ Po: Po) = Co{ Pos P-1) (2.37)
0 0
where (p,, P_;) ={Py,0) =0. Since constant ¢, is multiplied by zero, it can take

any finite value. The most convenient one is ¢,=0. In addition, due to
prescribed orthogonality, the (p,, p,) =0.
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Therefore,
b = (x,D _ (XPg, Po)
@D (poPpy (2.39)
c, =0.

In the second step, such polynomial p,(x) that is orthogona to p,(x) and
Po(X) will be found from the conditions that (p,, p,)=0 and (p,, p,)=0. For
n=2 and m=0,1, the recursion (2.36) gives two equations

(Po» P2) = {XPg, P1) — By{ Po» P1) — C1{ Po» Po)>
0

(2.39)
(P1y P2) = (XPr, P — (P, P — € Py Po) -
0

In addition, the polynomial p, defined by the coefficients b, and ¢, (2.38) is
orthogonal to the polynomial p, and satisfies the condition (p,, p;) ={pP;, Py) =0;
thus, from the equations (2.39) follow

b2 — <Xpl’ p1>

(PP
(2.40)

_ (XPo: P1) .
(Pos Po?

Suppose that polynomials p,(X) to p,(Xx) are orthogonal, so that they satisfy
orthogonality conditions

G

<p1pn—>=01 <p!pn_>=0, neey <pn_,pn_>:01
N o o (2.41)
<p07 pn>=O- <p1- pn>=0, T <pn_1, pn>:0,
or shortly*
<pj1pn—1>:o’ j=0,1,...,n—2,
(2.42)

<pj’pn>=O, j=O,1,...,n—1.

“Ingenerd (p;,p,)=0 for j<k<n.
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Itisnow desired to find coefficients b,,; and c, that determine polynomial
pn+1(x) = (X - bn+1) pn(x) -G, pn—l(x) ) (243)
which has to satisfy the orthogonality condition

<pj’pn+1>:0! J =O,:L...,n. (244)

First of al, it will be verified that equation (2.44) is valid for j=0,..,n-2,
because of the orthogonality conditions (2.42). After that, such coefficients b, ,;
and ¢, will befound that satisfy equation (2.44) for j=n-1and j=n.

From the recursion formula (2.36), from the orthogonality conditions (2.42) and
forthe j=0,..,,n-2,itfollows

(Pjs Ps) =<XPj, P} = Braa{Pjs Pa) = Cal P Pr-a) - (2.45)
0 0

Term xp; is a polynomia of degree j+1 no greater than n-1, thusit can be
expressed as alinear combination of the polynomias p, (x) (r =0,...,n—-1)
j+1
xp; () =Y 7P (¥). (2.46)
r=0
Therefore, according to (2.45), for j=0,...,n—2, it follows

j+1
<pjvpn+1>:<xpj’pn>zzy:<pripn>zo- (2.47)

r=0 0
Hence, orthogonality —condition (p;,p,,,»)=0 (244) is satisfied for

j=0,..,n=2, asit was expected.

Two remainder orthogonality conditions (2.44), thosefor j=n and j=n-1:

<pnv pn+l> :<Xpn! pn>_bn+l< P pn>_cn< Pa: pn—1> = 0!
T T

(2.48)
< Pn-1s pn+l> = <Xpn—l’ pn> - bn+1< Pn-1 pn> - Cn< Pn-1 pn—1> =0,
%K_J %,—/

0 0
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are satisfied by
XPhn s n
b,y = PPl

(Pnr Py
(2.49)

Cc. = <Xpn—1! pn> .
" <pn—1! pn—1>

Formula (2.49) for determining the coefficients ¢, can be improved. From
(XPr_1, P) ={XP,,, P,_;) and from recursion formula (2.36) (and m=n), written
in the form

<Xpn’ pn—1> = < pn’ pn> + bn< pn’ pn—1> + Cn—1< pn’ pn—2> ' (250)
0 0
follows the improved expression for calculating coefficients
< pn—li pn71>

This improvement consists in using the inner product (p,,,p,) aready
determined when previous coefficient ¢, ; ={Pn_1, Pn_1) /{ Pn_2» Prp) has been
calculated.

For the calculation of inner products it is necessary to determine coefficients a,,
of the orthogonal polynomials p,(x) (2.8). The coefficients a, of orthogonal
polynomials p,(x) =1 and p,(x) = x—Db, are

890 =1,
&o=-b, a,=1

(2.52)

By substitution of orthogonal polynomial p,(x) (2.8) into recursion formula
(2.34) it can be obtained

n n-1 n-2
(Vn 2 2) zanr Xr = (X_ t%)Zan—l,rxr - Cn—lZ:an—Z,rXr . (253)
r=0 r=0 r=0
Since

n-1 n-1 n
1
XEO""n—LrXr = ann—l,rXH = § g X (2.54)
r= r= r=1
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it follows

n n n-1 n-2
(Vn=2) Zanrxr = zanfl,rflxr _bnzan—l,rxr _Cnflzanfz,rxr - (255)
r=0 r=1 r=0 r=0

By separation of coefficients, the coefficients a,, (¥Yn=>2) can be calculated by
recursion

@n0 =D&, 10— Cos@n 20

(r=1..n-2) a, = Q17 bnan—l,r —Cha@h 2>
(2.56)

annp-1 = a‘n—:L,n—Z - bnan—l,n—l

amn =8y 35 -

It is now possible to calculate inner products (f,p,), (P, P,» and (Xp,, P, -
Inner products ( f, p,) and {p,, p,) areaready defined by (2.31) and (2.32). By
substituting p,(x) (2.8) into inner product (xp,, p,) it can be obtained

n n b

(P Bn) = D D g [ W) X0k (2.57)
r=0s=0 a

To apply developed formulas, it is convenient to introduce variables I, , J,, d,

and £, dready defined by (2.32) and (2.33). Therefore, according to (2.49) and

(2.51) the coefficients

n-1n-1

<Xpn71’ pn71> 1
) - —Lren- S|r+s+ )
Qﬁ <pn_11 pn—1> dn—l ;;aﬂ 1, an 1, 1

(2.58)
_(PogsPry) Aoy
(Pn-2:Pn2) s

n-1

can be calculated.

Complete procedure for determining coefficients a,,, of orthogonal polynomials,
coefficients £, and coefficients ¢, (2.19) is given in Algorithm 2.2. Obtained

coefficients ¢, define resultant approximation polynomial F(x, o) (2.1) in the
form that is the most suitable form for further numerical manipulation.
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Algorithm 2.2. Coefficients ¢, for the orthogonal polynomial approximation
on acontinuous interval [ a,b] by using recursion formula (2.34)

List of input variables: N,a,b,*
List of output variables: ¢,

w,*f /[ “*”denotes pointersto w(x) and f(x)
/1 /I’ denotes the beginning of a comment

// Polynomial p,(x) =1
8y =1

Calculate_and_store_integrals 1,, J, // Equation (2.32)

do=1g; Bo=3Jo/d, // Equation (2.33)
// Polynomial p,(x)=x-Db,

Calculate_and_store integrals I, I,, J; I/ Equation (2.32)

b=1,/d,

a, =1 a,=-b

di=al;+1,; B=(a,0dp+3;)/d; /I Equation (2.33)

[/l Polynomials p,(x), ...
forn=2,..,N-1

' pN—l(X)

Calculate_and_store_integrals 1,,_,, |,,, J, I Equation (2.32)
n— 1n i
bn Z a'n 1ran 1,s r+s+l/dn—1; Cn—l =CIn—l/dn—z // Equation (258)

r=0s=0

I Coefficients a,,, (2.56) of p,(x) (2.8)

@no =&y 10— Cha@n-20

forr=1..n-2
a, = an—l,r—l - bnan—l,r - Cn—lan—z,r
endfor
an n-1= - 1n-2 bnan—l,n—l ; Aoy = a'n—l,n—l
d, = z Ayl f= %Oan,/oln II Generalised Fourier coeff. (2.33)
endfor
/I Calculating coefficients ¢, of approximation polynomial f(x,«) (2.1)
forr=0,..,N-1
N-1
o, =X fBa, /I Equation (2.19)
endfor
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2.2.3 Legendre polynomials

Polynomias P,(x) (n=0,12,...) that are orthogonal with respect to the unit
weighting function w(x) =1 on the interval [-11] and standardised with the
condition P,(1) =1, are called Legendre polynomials”.

They are given by Rodrigue's formula

R(X) =1,

L d gy (2.59)
2"n! dx" ’

(Vnz1) PB,(x)=

and by explicit expression® [8]:

~ 1 int(n/2) o nY 2n-=2m o
R (X) = o n;)(_l) (J[ 0 Jx (2.60)
that yieldsto
P (x)= (2n-1)(2n- 3)"'1{x“ _nn=1)
n! 2(2n-1)
(2.61)
L= -2)(N-3) ns_
2-4(2n-1)(2n-3) o
The general recursion relationis
(=1 R =T (0T, (262)

starting with R,(x) =1.

% The generdl solution of Legendre's differential equation (1— x?)y” —2xy’+n(n+1)y =0
for n=0,1,2,3,... is linear combination y=c,P, +¢c,Q, of Legendre polynomials P,

n
and Legendre functions of the second kind Q, = 1 P, |n1+7x_ Z% PPy for |xk1.
2 1-x &

% int(n/2) meansinteger part of n/2.
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Example 2.1. First few Legendre polynomials are

P =1 P, = %(35x4 —-30x% +3),
P =X, R = 1(63x5 — 70x3 +15x),
X 81 (2.63)
P, = E(3x2 -1, PR= E(231x6 —693x* +105x* - 5),
P, = %(5x3 -3x), P = 1—16(429x7 — 693x° + 315x° — 35X).
Plots of few Legendre polynomials are presented on Fig. 2.1.
R4
1
\/ V \/ O
— R(X)
R.(X)
P(X)
— RB(x)
______________________ -1 - 10(X)

Fig. 2.1. Plot of few Legendre polynomials
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Due to their orthogonality, the Legendre polynomials satisfy the expression

PP —lP P () dx=1 > m=n (2.64)
(P m>—fl L PP, .

Other properties of Legendre polynomials:
1. All roots are real and placed on theinterval [-11]] ,
2. P,()=1and P,(-1) =(-1",
3. P,(-x)=(-2)"P,(X) .
4. Monomials x" are orthogonal to the Legendre polynomials, i.e.

0, m#n,

2n+l(n! )2
(2n+1)!

j X"P_ (x)dx = (2.65)

., m=n.

2.2.4 Associated L egendre polynomials
Polynomials defined in terms of the Legendre polynomials P, (x) by

k
P(x) = (1- xz)k’Z% P.(x), k=12,.., (2.66)
X
are called associated Legendre polynomials’. The general recursion relation is

2n-1 n-1

n

(Vn>=2) P¥(x)= xPk (%) - P*,(X). (2.67)

Note that order of the polynomia PX(x) is n—k. If n<k the polynomial
PX(x) does not have negative order, it is equal to zero (i.e. P*(x) =0, n<k).

* The genera solution of Legendre's associated differential equation (1-x2)y”—2xy’ +
+[n(n+1)-k?/(1-x?)]y = 0 (obtained from Laplace's differential equation expressed in
spherical coordinates), where n and k are nonnegative integers, is linear combination
y =¢,P¥(x) +¢,QF(x) of associated Legendre polynomials P¥ and associated Legendre
functions of the second kind Q¥ = (1- x*)*/2d*Q, /dx*.
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Like Legendre polynomials, set of polynomials P¥(x) for the particular k are
also orthogona with respect to the unit weighting function w(x)=1 on the
interval [-11],i.e.

m?'n

1
(PyPY) = [PROOPY () dx =0, mn,
-1

L 2 (n+k)! nsk, (2.68)
(PR = [[RF(0)Pdx =1 2n+1 (n-k)!
-1 0, n<k.

2.2.5 Approximation with L egendre polynomials

Let function f(x) be approximated on the interval [-11] with approximation
function

f(x,B)= NZﬁlﬁnpn(x), 1< x<1, (2.69)
n=0

by using Legendre polynomials P,(x) . Generalised Fourier coefficients £, can
be obtained by substituting p,(x) = B,(x) into expression (2.10) as

(R 2 ¢
ﬁ“_<Pn,Pn> _2n+1:flf(x) P.(X) dx. (2.70)

By substituting Legendre polynomials

P,(x) = Zan,xr =ay X"+ ay X et 8y X+, (2.711)
r=0
into the inner product ¢ f,PR,) it can be obtained
ﬂn: 2 i%r(fvxr>ziianr.|%f(x) X" dx. (272)
n+143 2n+1tz "7,

By substituting polynomials P,(x) (2.71) into approximation function ?(x, p) it
can be expressed in the form of polynomial F(x, ) (2.1) of degree N —1 which
is determined with coefficients ¢, (2.19).
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Coefficients a,, can be obtained by substituting polynomial P,(x) (2.71) into

recursion formula (2.62):

(VI’IZZ) Zn:anrxr - an- 1XnZian 1rX __zan 2, X

r=0

By rearranging summation

n-1 n-1
r_ r+l
Xz an—l,r X = z an—l,r X
r=0 r=0

it can be obtained

n
— r
= Zan—l,r—lx
=]

2 -1
- zan 15— lX __zan 2, X X'

Coefficients a,, areindependent of x; thus, from (2.75) follow

(Vn=>2) Zam

) :_n__lan—zo’

, n ,
(r=1..,n-2) a, =£_an—1,r—1_n__13n—2,ra

n n

a‘n n-1= 2n_1an—1n—2’

, n ,
ann Zﬁ-an—ln—l'

n ,

To apply developed formulas, it is convenient to introduce variable
1
3, =(Fx)=[ £ x dx.
Therefore,

2 n
=— J, .
ﬁn 2n+1§anr r

(2.73)

(2.74)

(2.75)

(2.76)

2.77)

(2.78)

Procedure for calculating coefficients a, of Legendre polynomias B, (x),
generalised Fourier coefficients g, and coefficients o, (2.19) of resultant

approximation polynomial F(x, ) (2.1) isgivenin Algorithm 2.3.
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Algorithm 2.3. Coefficients ¢, inthe Legendre polynomial approximation
List of input variables: N, *f /[ “*" denotes pointer to f (X)

List of output variables: ¢, /[ 1" denotes the beginning of a comment
/[ Polynomial By(x) =1

=1

3, = jll f (x) dx I/ Equation (2.77)

By =23, Il Equation (2.78)

// Polynomial P(X) = X
a,=1,a,=0
3= 11 f (%) xdx I/ Equation (2.77)
p,=23,13 /l Equation (2.78)

/l Polynomials P,(X), ..., By_1(X)
forn=2,..,N-1

/I Calculate coefficients a,, (2.76) of P,(x) (2.71)
a,0=—(n-D)a, o/n

forr=1,..,n-2
ay =((2n-Da,,, ;- (n-Da, ,,)/n
endfor

an,n—l = (2n _1)an—1,n—2/n ; 8y = (2n _1)an—1,n—1/n
3 = jl f(x)X"dx /I Equation (2.77)

n

B, z . Il Generalised Fourier coefficient (2.78)
T 2n+1 —=
endfor

/I Calculating coefficients ¢, of approximation polynomial f~(x,a) (2.1
forr=0,..,N-1

o, = 2 B.a, /I Equation (2.19)

endfor
end
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2.2.6 Shifted Legendre polynomials
It is often convenient to use the interval [0,1] instead of the interval [-1,1]. The

polynomials P (x) (n=0,1,2,...) that are orthogonal with respect to the unit

weighting function w(x)=1 on the interval [0]1] and standardised with

condition P;(1)=1, are caled shifted Legendre polynomials. All expressions

related to the ordinary Legendre polynomials can be adapted by substitution
X—2x-1. (2.79)

The genera recursion relation is

2n-1

n

n_l *

(vn22) B(9="=(2x-DR, () ~"—Ri,(). (2.80)

starting with P, (x) =1.

Example 2.2. First few shifted Legendre polynomials are [9]:

*

P =1

P =2x-1,

P, =6x° —6x+1,

P, = 20x> —30x° + 12x -1,

P, = 70x* —140x> + 90x* — 20x +1,

P, =252x° - 630x* +560x° — 210x* + 30x -1,

Py, =924x° — 2772x° + 3150x* — 1680x> + 420x* — 42x + 1, (2.81)
P, =3432x" —12012x° +16632x° —11550x" +

+4200x° — 756x% + 56X — 1,
P, =12870x® —51480x" +84084x° — 72072x° +
+34650x"* — 9240x° +1260x% — 72X +1,
P, = 48620x° — 218790x° + 411840x" — 420420x° +
+ 252252x° — 90090x* + 18480x°> —1980x2 + 90x — 1,
P, = 184756x™ — 923780x° +1969110x® — 2333760x’ +1681680x° —
— 756756x° + 210210x* — 34320%° + 2970x? — 110X + 1.
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Due to their orthogonality, shifted Legendre polynomials satisfy expression
m#n,

1
* * * * O
<Pn ’ Pm> = .([ Pn (X) Pm(x) dx = { 1/(2n +1) men. (282)

2.2.7 Approximation with shifted L egendre polynomials

Let a function f(x) be approximated on the interval [0,1] with approximation
function

_ N-1
f(x8)=Y BP(x), 0<x<1, (2.83)
n=0
by using shifted Legendre polynomials P, (x). Generalised Fourier coefficients
A, can be obtained by substituting p,(x) = P, (X) into expression (2.10) as

., f P
g=Lh)

17 .
= 2n+1If(X) P (x) dx.. (2.84)
nsn 0

By substituting shifted Legendre polynomias
n
Pr(x) =Y a, X =a,x"+a,, X" +...+a,,X+a,, (2.85)
r=0
into inner product ( f ,Pr: Y it can be obtained
n 1

x 1 n * 2 *
= f,oxy=——>a,| f(x)x" dx. 2.86
A= a2 10 =5 {() (286)

By substituting polynomials P, (x) (2.85) into (2.83), the approximation
function f~(x,,6*) can be expressed in the form of polynomial f(x, o) (2.1) of
degree N —1 which is determined with coefficients ¢, (2.19).

Coefficients a, can be obtained by substituting polynomial P, (x) (2.85) into
recursion formula (2.80):

n * 2n_1 ot * n_ln_z *
(Vn=2) > a,x = (2x-D)) a4, X' —TZaHV,X' . (287
r=0 r=0 r=0

n
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By rearranging summation

n-1 n-1 n
* * 1 *
XE an—l,rXr = z ,an—l,rXrJr = 2 a'n—l,r—lxr (288)
r=0 r=0 r=1

it can be obtained

L * r 2n_1 n * r
(Vn 2 2) ZanrX =2 n z an—l,r—lX -
r=0 r=1

(2.89)
~ 2n—1“z’¥‘a* N 1535
n & n-Lr N rOan 2,0 X
Coefficients a, areindependent of x; thus, from (2.89) follows
. 2n-1. n-1.
8o=" 10 —a, 2,00
n
. 2n 1
(Vr=1..,n-2) a, = (Zan 1r-1 anlr)_ an2r1
(2.90)
* 2n_l *
a’n,n—lzT(2 n-1,n-2 an 1,n- 1)
* 2n_1 *
mn =2 = a1n-1-
To apply developed formulas, it is convenient to introduce variable
1
J:=<f,xf>=jf(x)x'dx. (2.91)
0
Therefore,
x 1 n * *
= J, . 2.92
. 2n+1§am : (2.92)

The procedure for calculating coefficients a., of shifted Legendre polynomials
P (x), generalised Fourier coefficients B, and coefficients «, (2.19) of
resultant approximation polynomial f~(x,a) (2.1) isgivenin Algorithm 2.4.
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Algorithm 2.4. Coefficients ¢, in the approximation with shifted Legendre

polynomials
List of input variables: N, *f /[ “*" denotes pointer to f (X)
List of output variables: ¢, /I*I" denotes the beginning of a comment

/I Polynomial P, (x)=1

3o=1
3= ij (x) dx /I Equation (2.91)
B =Jq /I Equation (2.92)

I/ Polynomial B (x)=2x-1
aS*L,l =2, ai,o =-1
3= j:f (x) xdx /I Equation (2.91)
B =23, -3,)/3 I/ Equation (2.92)
Il Polynomials P, (X)), ..., Py_1(X)
forn=2,..,N-1
/Il Calculate coefficients a, (2.90) of P, (x) (2.85)

a0 ==(2n-Da,_10/n-(n-1)a, ,o/n

forr=1..n-2
a;r =((2n _1)(231:-”—1 - a;—l,r) —(n _1)3:1—2,r )/n
endfor

a;,n—l = (2n _1)(2a:1—1,n—2 - a;—l,n—l)/n ; a:m = 2(2n _1)a1:—1,n—1/ n
3= jolf (X)X"dx /I Equation (2.91)

n
1 3 a, J. Il Generalised Fourier coefficient (2.92)
2n+1r=0

B =
endfor

/I Calculating coefficients ¢, of approximation polynomial f(x,a) (2.1
forr=0,..,N-1
N71 x * .
& =2 B3y // Equation (2.19)
endfor
end
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2.2.8 Other use of Legendre polynomials

Legendre polynomials can also be used in finding some other sets of orthogona
functions, e.g. by substitution

X =C0s6 . (2.93)
Since
dx=dcosf =-sin@do, (2.94)

from (2.64) follows that functions V,(€)=P,(cosd) (n=012,..) ae
orthogonal with respect to the weighting function w(€) =sin& on the interval
[-7, 7], i.e functions V,(68) satisfy condition of orthogonality

r 0, m#n,
V.V.)= js‘navn(e)vm(a)de: i (2.95)
- , =N.
2n+1
By substituting x = cosé (2.93) into (2.63) it can be obtained:
Vo(0) =1,
V,(6) = cosé,
V,(6) = %(300320 +1),
V5(0) = %(500839 + 3cos6), (2.96)

V,(0) = i(35cos49 + 20c0s26 + 9),
! 64

V(0) = 1 (63cos560 + 35c0s34 + 30c0sh),
77128

Vs (0) = L (231cos66 + 126cos46 + 105c0s26 + 50).
° 512

The similar orthogonal sets of functions can be obtained by various substitutions.
For example, substitution x = %arccosy leads to the Chebyshev polynomials

T,(y) = cos(narccosy) that are described in Chapter 4.
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2.2.9 Jacobi polynomials
Polynomials Q*(x) (n=0,1,2,...; a>-1; B>-1) that are orthogonal with
respect to the weighting function

w?(x) = (1- x)*(1+ x)*? (2.97)
on the interval [-1]], are called Jacobi polynomials [10, 11]. They are given by
Rodrigue's formula

6’ (x) =1,
(=" d" (2.98)
2"l (1— X)*(1+ x)? dx"
and by explicit expression®
“ 1 &(n+a\(n+p e m

Q¥ (x) =2—nmz_0( - J[n_mj(x—l) 1+x)™. (2.99)
The Jacobi polynomials satisfy recurrence relation

(Vn>2) Q¥ (x) = (Ax+B,)Q74(X) —C,Q5(x), (2.100)
where

(vn=1) Q¥ (x)= 1- X" @1+ x)"7,

_(@nt+a+pB-D(2n+a+ p)

A= 2n(n+a+ f)

B, = (a@+p)(a-pn+a+f-1) (2.101)
2n(n+a+ B)2n+a+ f-2)

c =(n+a—1)(n+ﬁ—1)(2n+a+,6)

" n(n+a+B@n+a+pf-2)

Example 2.3. First few Jacobi polynomials are

=1

o =%[2(0{+1)+ (@+ B+2)(x-1)],

(2.102)

Q¥ =%[4(0:+1)(0{+ 2)+4(a+ B+3)(a+2)(x-1) +

+(a+ B+3)(a+ L+4)(x-13?].

® Jacobi polynomials are aso solutions of differential equation (1—x2)y”+ (8-« -
—(a++2X) Yy +n(n+a+F+1)y=0.
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Due to their orthogonality, Jacobi polynomials satisfy expressions®

Q. Q) = jw“ﬂ(x)Q:ﬂ(x)Q (\)dx=0, n=m,

(Q.Q) = jw“ﬁ (OQE ()12 =
-1

2901 (n+a+)I(n+ +1)

- @n+a+f+D) I(n+)I(n+a+ L+1)

The polynomials have symmetry relation
Q7 (—x) = (=D"QF* () .
Vaues of polynomials at endpoints of theinterval [-11]:

n+/)’j_ L(n+ B +1)

QY (-1)= (—1)”(

n ) T(n+)I(B+1)’
op _ n+a) TI'(h+a+l)
Q) = E n j_r(n+1)r(a+1)’

areindependent of o or f respectively.
Jacobi series
F()=> A% (x)
n=0

has coefficients

(f, Q;’ﬂ>
b= (Q7.Q7y

Herein

(f.Q) = jw“ﬂ(x> F()Q: (x)dx =

= I.[W“ﬂ(x)f(”)(x)(l x2)"dx.

® I(n) isthe gamma function (see Appendix B.1).

(2.103)

(2.104)

(2.105)

(2.106)

(2.107)

(2.108)

(2.109)
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In the specia cases, when o and [ take some characteristic values, the Jacobi
polynomials become ultraspherical polynomials (= £), Legendre polynomials
(x=p£=0), Chebyshev polynomials (a=f=-1/2) and Chebyshev
polynomials of the second kind (& = f =1/2). According to usual symbols used
in denoting these polynomials (see Table 2.1), there are

Cr(x) =Qr(x), ultraspherical (Gegenbavier),

P.(X) = CJ(x) =Q°(%), Legendre,
(2.110)
T, () = a,C, M 2(x) = a/Q;¥#2(x), Chebyshev,

U,(x)=a’C¥?(x) =a’QY?"?(x),  Chebyshev 2™ kind.

Constants a, and a’ adjust polynomias C;“? and C? to get Chebyshev
polynomials T, and U, in standardised form.

Therefore, ultraspherical polynomials are a subclass of Jacobi polynomials, while
Legendre and Chebyshev polynomials are subclasses of ultraspherica
polynomials.

Example 2.4. First few ultraspherical, Legendre and Chebyshev polynomials:
oy ==t
C/=Q =(a+1x,

1 (2.111)
Cy=0Qy = Z(a+ [2(x+1) +
+2(2a+3)(x-1) + (2 + 3)(x—1)?],
0 0 0 1 2
T,=CY?=1 T,=2C;"?=x, T,= gc;l’z =2x° -1, (2.112)
4 8

Up,=C?=1 U, =§cll’2 =2%, U, =gcg’2 =4x* -1
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Procedure for calculation of generalised Fourier coefficients f, can be
developed by substituting Jacobi polynomials expressed in the form

n
b = Zan, X" =a, X" +a, X"t ay X+, (2.113)

r=0

into the inner product ( f,Q%). Theresult is

n n 1
<f,Q;fﬁ>=Zam<f,xr>=2amjw”ﬁ(x) f(x) X" dx. (2.114)
r=0 r=0 -1
To apply developed formulas, it is convenient to introduce variables

2P I(n+a+)I(n+ £ +1)

— (O O =
G = Q" Q") @n+a+ B+ I(n+DI(n+a+L+1)° (2115)

1
J, =<f,xf>=jw“ﬂ(x) f(x) X" dx. (2.116)

-1

Therefore,
ofp n

B, ALy 1 D a,d,. (2.117)

(Q¥.Q¥y d, &

For the cal culation of the generalised Fourier coefficients £, , it is necessary to deter-
mine coefficients a,, of the Jacobi polynomials Q,‘fﬂ(x) . The coefficients a,, of
the first two Jacobi polynomias Q¥ (x)=1 and Q¥ (x)=(a+ f+2)x/2+
+(a—- p)I2 are

80 =1,
1 1 (2.118)
a0 25(05—,5)1 a; =§(C¥+ﬁ+ 2).

Substitution of polynomials Q% (2.113) into recursion formula (2.100) gives

n n-1 n-2
(Vn22) > a, X =(AX-B)D 8,4, X ~=C, D> a,,X . (2.119)
r=0 r=0 r=0
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By rearranging summation

n-1 n-1 n
Xz an—l,r X' = z an—l,r XHl = Z a'n—l,r—lxr (2 120)
r=0 r=0 r=1

it can be obtained

(Vn=2) Y a,x =AY a1 X -
r=0 r=1

o o (2.121)
- Bn z an—l,r Xr - Cn Z a'n—2,r Xr .
r=0 r=0
Coefficients a,, areindependent of x; thus, from (2.121) follows
8,0="Ba,_10-Cran_20
(r =1..,n- 2) a, = Ahan—l,r—l - Bna'n—l,r _Cnan—z,ﬂ
(2.122)

Ann-1= Ahan—l,n—z - Bnan—l,n—17

am = A, 151

Procedure for calculating coefficients a, of Jacobi polynomials Qﬁ‘ﬁ(x),
generalised Fourier coefficients g, and coefficients o, (2.19) of resultant

approximation polynomial F(x, a) (2.1) isgivenin Algorithm 2.5.

Algorithm 2.5. Coefficients ¢, in the Jacobi polynomial approximation

List of input variables: «, £, N, *f, *w // “*"denotes pointersto f (x), w(x)
List of output variables: ¢, 11 *II" = beginning of a comment

/1 Polynomial Q% (x) =1

8y =1
Caculate d,, J, /I Equations (2.115) and (2.116)
Bo=Jo/dy // Equation (2.117)

/1 Polynomial Q¥ (x) =[2(ar+1) + (o + B+ 2)(x—-1)]/2
a,=(a-p)2
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a,=(a+p+2)/2

Caculate d;, J; /l Equations (2.115) and (2.116)
By =(agdo+ay,dy)/d, /I Equation (2.117)
/1 PolynomialsQ# (x) , ..., Q% ,(x)

forn=2,..,N-1

/I Calculating coefficients a,, of Q,‘j‘ﬂ (x) by using recursion (2.100)

2n+a+-)(2n+a+ )
2n(n+a+ f)

B _(a+p)a-p)2n+a+p-1)
"o2n(n+a+B)@n+a+F-2)

A =

/I Equations (2.101)

_(n+a-DH(n+B-1)(2n+a+ f)
" n(n+a+p)@n+a+B-2)

8,0 =—Bna_10 = Cray_20
forr=1..,n-2
ay =Aa, 1,1 B, 1, —Cha, // Equation (2.122)
endfor
801 = A2 — By
8y = A8y 101

Cdculate d,, J, // Equations (2.115) and (2.116)
Bo=> a,Jd, /d, /I Equation (2.117)
r=0
endfor

/l Calculating coefficients ¢, of approximation polynomial F(x,a) (2.1)
forr=0,..,N-1

N-1
& = By Il Equation (2.19)

endfor
end
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2.2.10 Laguerre polynomials
Polynomias L,(x) (n=0,12,...) that are orthonormal with respect to the

weighting function w(x) =€ on the interval [0,c) are caled Laguerre
polynomials. They satisfy orthogonality condition

(s L) = [ €Ly (0L (X)X = Gy (2.123)
0
The Laguerre polynomials are given by Rodrigue's formula’
Lo(x) =1,
X gn 2.124
(wn>1 L0=39" (e, (2129
n dx"
or by explicit formula
n n (_X)k
L = —_— 2.125
2(%) ;(n_kj ; (2.125)
The general recursion relationis
(vnzD L= 0-22 L, (2.126)
n n

starting with Ly(x) =1.

Example 2.5. First few Laguerre polynomials are
L, =1,
L, =—x+1,
L=t (X* —4x+2)
275 ,
L, = %(—x3 +9x° —18x + 6), (2.127)
L, = %(x4 —16x° + 72x° — 96X + 24),
L= é(—xf’ + 25x* — 200x3 + 600x? — 600X + 120),

L= é(xﬁ —36x° + 450x* — 2400x° + 5400%? — 4320 + 720).

" The Laguerre polynomials satisfy the differential equation xy”+(1-x)y’+ny=0.
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2.2.11 Generalised Laguerre polynomials

Polynomials L% (x) (n=0,1,2,...) that are orthogonal with respect to the
weighting function w(x) = x“e¢ ™ (a>-1) on the interva [0,-), are called

generalised Laguerre polynomials. Sometimes, they are also called associated
Laguerre polynomials. They satisfy orthogonality condition®

(L@ @)y j x“& XL () L (x) dx = M& (2.128)
n!
The generalised Laguerre polynomials are given by Rodrigue's formula
L5 (0 =1,
—apx qn (2.129)
(vnz1) L0 =X L (gxmey,
nl dx"
or by explicit formula
n+a)(- x)
()
L) (x) = Z( _kJ . (2.130)
The genera recursion relation is
(V21 LOx)=2a717X @ g NYa=li@ oy (o3

starting with LY (x) =1.
The simple Laguerre polynomials are identical to generalised onefor =0, i.e.
LO(x) = L, (x). (2.132)
Example 2.6. First few generalised Laguerre polynomials are
L =1
L = —x+a+1,
2.133
L =%(x2—2(a+ 2)x+ (o +1)(a +1)), (2.133)

L = %(—x3 +3a+3)x* =3+ 2)(ax + 3)x+6)x+ (x + D) (cr + 2)(ex + 3)).

8 Gama function T'(X) is described in Appendix A.
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2.2.12 Hermite polynomials
There are two types of Hermite polynomials:

a) physicists Hermite polynomials, classical polynomials in physics,
where they are used mostly in analyses of the eigenstates and the
guantum harmonic oscillator, and

b) probabilists Hermite polynomials, classical orthogonal polynomials
sequences that arise in probability and in combinatorics.

They are named in the honour of Charles Hermite.

The physicists Hermite polynomials are orthogonal with respect to the
weighting function w(x) = e on the interval (—o0,00) and standardised with
condition H,(x)=2"x" +...(leading coefficient of polynomials has vaue 2").
They are given by Rodrigue's formula’

2 dn 2

H,(x)=(-D"e" —e (2.134)
X
They can be a so defined by generalised Laguerre polynomials as
Han (%) = (-4)"n LG 2 (),
Hania(X) = 2(-4)"ni XLy 2 (),
or with explicit expressions
n n-1/2\ x*
H =22y ()" ,
2n(X) ;( ) ( n—r ] r!
1/2) g2ret (2.136)
n n+ X r+
Hopa(X) = 22"y (=)™ :
2n+1( ) ;( ) ( n—r ] rl
The genera recursion relationis
(Vnz1) H, (x)=2xH,_,(x)-2(n-DH,_,(x), (2.137)

starting with H,(x) =1.

® The physicists Hermite polynomials are solution of the Hermite differential equation
Yy —2xy’+2ny=0.
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Example 2.7. First few physicists Hermite polynomials are

Hy=1 He = 2°x° - 480x* + 720x* - 120, (2.138)
H, = 2x, H, = 2"x" —1344x° + 3360x° — 1680,
H,=2°x*-2, Hg = 2°x® — 3584x° +13440x* — 13440x> + 1680,

H, =2°x° —12x, Hgy =2°x° — 9216x" + 48384x° — 80640x° + 30240,
H,=2'x"—48x* +12,  H,, = 2'°x%° — 23040x° + 161280x°

Hy = 2°x° —160x° + 120x, — 403200x" + 302400x° — 30240.

Due to their orthogonality, physicists Hermite polynomias satisfy the
expression

(Hn,Hm)=:[oe—X2Hn(X)Hm(X)dX={ o 2?’\/;’ Ei:’ (2.139)
Other important properties of physicists Hermite polynomials':

Hu(x) =2nH4(X), (2.140)

H, (x+ ) =Z;,@ H, (%) (2y)"" (2.141)

The praobabilists Hermite polynomials are orthogona with respect to the
weighting function w(x) = e /2 on the interval (—co,c0) and standardised with
condition H,(x) = x" +... (leading coefficient of polynomials has value 1).

That convention is often preferred by probabilists because e 21 \2r is

probability density function for the normal distribution with expected value 0 and
standard deviation 1.
Probabilists Hermite polynomials are given by Rodrigue's formula*

2 Functions y,,(x) = H, (X)y/W(x) /(H,(x),H,(x)) generated from physicists Hermite
polynomials are known as Hermite functions. Since these functions contain square root of
weighting function \/w(x) and have been scaled appropriately by /(H, (x),H,(x)) .
they are orthonormal. The Hermite functions satisfy differential equation w(x)+
+(2n+1-x*)y, (x)=0. This equation is equivalent to Schrodinger equation of a
harmonic oscillator in a quantum mechanics, so these functions are eigenfunctions.
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n
H, () = (—1)“ex2/2%ex2’2 . (2.142)
X

The general recursion relationis
(Vnz21) H,(X)=xH,_,(x)-(n-DH,_,(x), (2.143)
starting with H,(x) =1.

Example 2.8. First few probabilists’ Hermite polynomials are

H, =1, Hg = x® —15x* + 45x* - 15,

H, = X, H, = x" — 21x® + 105x°* — 105X, (2.144)
H,=x"-1, Hg = x® — 28x° + 210x* — 420x* + 105,

H, = x®-3x, Hg = x° —36x’ + 378x° — 1260x> + 945X,
H,=x"-6x"+3, H,, = x'° — 45x® + 630x° — 3150x* + 4725x° — 945,
Hs = x° —10x® + 15X,

5

Dueto their orthogonality, probabilists Hermite polynomials satisfy the expression

_°°_xz,2 B 0, m#n,
(Hn,Hm>—_J;e Hn(x)Hm(x)dx—{n!m' o (2.145)

Other properties of probahilists Hermite polynomials:

Ho(X) =nH,_4(x), (2.146)
n n ;
H. (x+ y):g(r]x H, . (y). (2.147)

" The probabilists Hermite polynomials are aso solution of differential equation

;(exz’ 2 di y} +ne* /2y =0, where n is a constant, with the boundary condition that
X X

y should be polynomially bounded to infinity. With that boundary condition, the equation
has a solution only if nis apositive integer and is uniquely given by y(x) =H,(x) -
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Generalisation of Hermite polynomials. The probabilistics Hermite
polynomials defined above are orthogona with respect to the standard normal

probability distribution, whose density function e* 2] V2r , has expected value
0 and variance o =1. Generalised Hermite polynomials can be defined as
polynomials H,[f‘](x) of arbitrary variance « . These are orthogonal with respect
to the normal probability distribution whose density functionis

efx2/(2a)
W(X) = . 2.148
(x) Tora ( )
They are given by
1 X
Hr[f’] X =—Hr[11](—], 2.149
( ) an/Z \/5 ( )

where H(x)=H_(x) are probabilists Hermite polynomials. The physicists
Hermite polynomials are

HI2(x) = 2V2H W (/2x) . (2.150)

The important properties of Hermite polynomialsin generalised form are

HA"(X) = 2nH 17 (%) (2.151)
n.n

HEA (x+ y)=zmH£“](x)HL€1(y). (2.152)
r=0

Hermite polynomials with negative variance are denoted as H,[f‘”](x). For
a>0, the coefficients of HU“(x) are just the absolute values of the

corresponding coefficients of Hr[f’](x). These arise as a moment of normal
probability distributions. The n" moment of the norma distribution with
expected value ¢ and variance o2 is

E(X") =HI (), (2.153)

where X is arandom variable with the specified normal distribution.
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23MULTIPLE POWER SERIES

The idea of |east-squares power series expansion for afunction of single variable
x can be extended to the case of functions of two or more variables: x;, X,, ...,

Xy - For example, function f(x) = f(x;,X,) of two variables x, and x, can be
approximated by the polynomial

N;-1N, -1

f(xa)= ZZ XX (2.154)

rn=0r,=
where N, is constant, while N, can be either constant or a function of N,(r,)
(9. Ny(r;) =N, —r). Coefficients ¢, , can be determined by the least-squares
method.

By analogy to (1.81), the mean square error is defined on a two dimensional
domain Q as

E () = —— [ WL F () = F(x, )] dQ(x)
[demy,

Q

(2.155)

N;-1 N, 2
W(x)[f(x) > Zaﬁrzxﬁx'z} dQ(x).

rn=0 r,=0

1
[dar s
Q
From the condition of extreme in respect to the coefficients ¢, it follows

(V(nl,n2)|n1=0,...,N -1 n,=0,..,Ny(n)-1)

OE (@) & o __(2.156)
. -0= jw(x)[f(x) Z;) ;05 XX (XX dQ(X) =0,
or
(V(n,ny) [ =0,..,N; =1 n, =0,..., N,(n)-1)
Ny-1 Np—1 (2.157)
> Na, j W(X) X1 xZ 2 dQ(X) = j W(x) f (%) XX dQ(x).
n=0 r,=0

This linear equation system can be expressed in the terms of the weighted inner
product on a continuous domain Q
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(P = [ W) 9 w(x) dA(X) (2:158)
as? )
(V(n,n,) |0, =0,..., N, =L n, =0,...,Ny(n,) - 1)
N;-1 N,-1 2.159
>, SO =K. (2159
rn=0 r,=0

Solution of this linear equation system are coefficients «, .

As it is aready outlined in Chapter 1.3.2, the linear equation system (2.159) can
be ill-conditioned and its numerical solution (coefficients ¢, ) can have

intolerable error.

In general, monomias x'x7 can be expressed as a sum of polynomials

N

Xxg = Zmnz P () P2 (%) - (2.160)

n,=0n,=0

Therefore, function f(x) that can be expanded into series of monomials x'x7 ,
can also be expand into the series of polynomials

f(x.p) = Z Zﬂnlnzp () Pr (%) (2.161)
n;=0n,=0

To avoid solving the linear equation system (2.159), the used polynomials

n, -1

o)~ Sl -l ol 0ol g ol

(2.162)
p(x) = Za% Xg = xpr +ald, G+ alx, +al,

have to be orthogonal, i.e., their coefficients ar[ﬂl and ar[f;],z have to be
determined by the orthogonality condition

12 Double brackets {(...)) are used to denote the weighted inner product on a two-
-dimensional domain and to distinct it from the inner product on the interval.
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PP, ph ey = (2.163)

= [0 0 P B ) I (1) 429 { I 22:3 . EEE;
) ' — N\ t2/

with respect to some weighting function w(x) = w(x(x;,X,)) onadomain Q.

Herein, an integral over adomain Q can be expressed in the form

by b,

j( 1) = [ [ () dx oy, (2.164)

where a and b, are constants, while a, and b, can be either constants (on

rectangle domain Q, Fig. 2.2.a) or functions a, =a,(x) and b, =b,(x) (if
domain Q has some other shape, Fig.2.2.b).

X, A
yp=-- b, (x,)
X2 ______________ X(lexz)
S
i : a, (%)
a, X1 b, =x1 =Xl
(a) (b)

Fig. 2.2. Independent (a) and dependent (b) intervalsin the 2D space

In the special case, when intervals [a,,b] and [a,,b,] are both constant (Fig.
2.2.a), theintegral over domain Q can be divided into the two integrals

j A(x)Bx;) dA(x) = [ [ Acw) dle{ | B(x2>dx2J (2.165)

a a

In asuch case

PP, phTpEyy = (Pt phly p, pily (2.166)
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while the orthogonality condition (2.163) is divided into two independent ones

by
=0, 0N,
P, pl) = [ ) ) pE2 () i, { m # 1y

: #0, m=n,
" (2.167)
¢ =0, m,#n,,
LR AL L LS ity

with respect to the weighting functions wi¥(x,) and w(x,) on intervals
[a,,b] and [a,,b,] respectively. The generalised Fourier coefficients are then

(L5 pl)

~ (o, pIy(p, plF)
by b,

[ [P OW? 06) £ (%) B () P (%) dx, i, (2.168)

_ a1

by b, '
{ [REA) p[n?(xmzdle [w? 0o pL";l(xznzdsz

a

Bop,

The described approximation procedure can be generalised to triple power series, €tc.

2.3.1 Zernike polynomials

The polynomials that are orthogona on the unit disk with respect to the radial
distance as a weighting function, are known as the Zernike polynomials™. They
are defined in a polar coordinate system p—¢ (Fig. 2.3), where ¢ is azimuthal

angle, and o is normalised radia distance. There are even and odd Zernike
polynomials. The even Zernike polynomials are defined as

Z7(p.¢) = R7(0) cosmg, (2.169)
and the odd Zernike polynomials as
Z,"(p,p) =R (p)snmg, (2.170)

13 Zernike polynomials are named after Fritz Zernike. They are used in precision optical
manufacturing to characterise high order errors. In optometry and ophthalmology they are
used to describe aberrations of the cornea or lens from an ideal spherical shape, which
results in refraction errors. They can be used to effectively cancel out atmospheric
distortion. Obvious applications for this are IR or visua astronomy, and spy satellites.

For example, the term Zg iscaled ,de-focusing”. By coupling the output from this term
to a control system, an automatic focus can be implemented.
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where m and n>m=>0 are nonnegative integers, ¢ is azimutha angle
0<@p<2r, and p is normaised radia distance 0<p<1. The radid

polynomials R™'(p) are defined as

(n-m)/2 _1\k _ kI
Ry (p) = D (n—k)! -2k (2.171)
= K((n+m)/2-Kk)!((n—m)/2-k)!
when (n—m)/2 isinteger, and as RY'(0) =0 forodd n—m.
-1
Fig. 2.3. Unit disk and coordinate systems
In the terms of Jacobi polynomials
RY(0) = (D™ p"QRS,) 2(1-20%)  (even n—m). (2172)

Zernike polynomials are standardised with the condition that R7'(1) =1 when
(n—m)/2 isinteger, otherwise R™(1) =0.

Example 2.9. First few nonzero radial polynomials are

Re=ut

R =p,

Ry =20% -1, R = o, (2173
R =30° - 2p, RS =07,

R =6p"-6p°+1, RI=4p"-3p?, Rj=p"
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Theradial polynomials satisfy the orthogonality relation

1 0, n#n,
[PRIORI () do=1 RI® _ (2.174)
0 2(n+1)’ !
The angular part of Zernike polynomials satisfy the orthogonality relations
' . {0, n#m,
Ismn(nsmmq) do =
0 7z, n=m,
i 0, nzm,
.[cosn(o cosme do = (2.175)
5 Z, n=m,

2r
Isi nngcosme dg = 0.
0

Zernike polynomias Z(p,p) can be converted to the rectangular form
Z'(x%,,X,) by using the following coordinate transformations and trigonometric
identities

% = p COSQ,

X, = pSINg,

PP =X+ %2, (2.176)

cosmg = 2coq (m—-21)@]cose — cod (M- 2)¢],

sinmg = 2sin[(m-21)@]cosg —sin[(m-2)¢p].

Example 2.10. First few nonzero Zernike polynomials are

z9 =1,

Zl=x, Z =Xy,

Z) =2x2 +2x5 -1,

72 _y2_ 2 = _ (2.177)
2 =X — X3, Z;" = 2% X,

Z3=3x2+3x%2 — 2%, Z3" =3x5 +3x2X, — 2X,,

Z3=x —3x%5, Z33 =% + 3% X’

Zernike polynomials have simple rotational symmetry that distinguishes them
from the other sets of orthogonal polynomials. This is illustrated on Fig. 2.4 by

coloured areas on the unit disks. The polynomials Z" have positive values on
green areas, negative values on red areas and the zero value on black null-lines.
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oy Z">0
—_Z"=0

. % .z’“<o

Z;?

Zy Z; Z;
Fig. 2.4. Null-lines of Zernike polynomials
Expansion with Zernike polynomials
F)=>>(arz,™ + bz (2.178)

m=0n=m

is given by generalised Fourier coefficients

12z

am = +1
n i)zo (2.179)
n+1¢7
b7 == [ [ f(0.0)Z7p dedp,
m“* 0 0
where
- 142, form=0,n=0, (2.180)
1, otherwise.
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2.4 APPROXIMATION ON A DISCRETE DOMAIN

Consider that approximated function f(x) is defined by a table, i.e. by the
sampling values f* = f (&) in thefinite set of K distinct sampling points &. In
asuch case, function f(x) can be approximated by a polynomial

- N-1
f(xa)=Y ax, N<K, (2.181)
r=0

whose coefficients ¢, can be determined by the least-squares method. The
difference between polynomials (2.1) and (2.181) isin the fact that in the discrete
approximation only up to K coefficients ¢, can be determined by K sampling

vaues = f(&%); thus, in the discrete approximation, the degree of the

polynomial f~(x,a) can only be lesser than the number of distinct sampling
points.

By analogy to (1.88), amean square error is defined as

Ers(@) =%iwk[fk— f(&ar
k=1

K N-1 2
:%ZW{fk—Za,(fk)r} .
k=1 r=0

From the condition of extreme in the respect to coefficients ¢, it follows

(2.182)

(Vn=0,..,N-1|N <K)

OE () =0:iw{fk—'§ar-(§k)f}(§k)"=o, (2.183)
oa, =i ~
or
(Vn=0,..,N-1|N <K)
(2.184)

S S w2 = YW ()
r=0 k=1 k=1

This linear equation system can be expressed in the terms of weighted inner
product

K
() =D W B(E ) () (2.185)
k=1
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N-1
(Vn=0,...N-1) > o (x",x")=(f,x"), N<K. (2.186)

r=0
Solution of this linear equation system are coefficients ¢, . This linear equation

system differs from system (2.6) in the definition of inner product and in a
limited number of equations N <K. It is aso usualy ill-conditioned (as

described in the Chapter 1.3.2), so its numerical solution (coefficients ¢, ) can
have intolerable error.

To avoid solving the linear equation system (2.186), function f(x) can be
expanded into finite series

f(x )= Nz_lﬂn P9, N<K, (2.187)
n=0

of orthogona polynomias p,(x) with degree n not greater than K —1. The
coefficients a,, of polynomials p,(x) (2.8) are determined by the orthogonality
condition

=0, m=#n,

(Por Py = D WP, (£ Pn(€") { (2.189)
k=1

#0, m=n,

with respect to the given set of weighting coefficients w* .

Approximation with a finite series F(x,ﬂ) (2.187) defined as a partial sum of
the first N elements containing orthogonal polynomials p,(x), with the degrees
n no greater than N —1, is a polynomial least-squares approximation of f(x) .
Therefore, coefficients S, are generalised Fourier coefficients that can be
obtained by substituting ¢,(x) = p,(x) into (1.74) as
K
D W p, (&)
p=STePo _ i . (2.189)
(P, Pn) Zwk[ P (&2
k=1

Although the generalised Fourier coefficients £, of approximation function

F(x, £) (2.187), written in the terms of inner products, have the form equal to
that in a continuous case (2.10), there is one crucia difference. By the K values
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K= (£ of function f(x) in K distinct sampling points & it can be
determined up to K generalised Fourier coefficients B, (n=0,1,..,K-1).
Coefficients £, (n=K) are assumed to be zero.

Therefore, approximation function f~(x, p) isrestricted to the first K summands
B.p, (i,e. n=0,1..,N-1 and N<K). Using al of the first K summands
B, b, turns approximation into interpolation, in which the value of the function

and its approximation equals in al sampling points & (i.e. f(&,8)=f%).
Thisis described in Chapter 6.

A specia class of orthogonal polynomials are orthonormal polynomials. If the
weighting coefficients w* are positive, then the weighted inner product

(Por PaY = D WP, (E)T° (2.190)
k=1

is also positive and the set of orthogonal polynomials { p,(x)} can be normalised
by dividing each polynomial p,(x) withitsnorm |p,|=+/(p,. p,) (2.13) [3].

The normalised set of polynomials B,(x) = p,(x)/|p,| issaid to be orthonormal

with respect to the weighting coefficients w* on a finite set of distinct sampling
points. These polynomials have properties (P, Pn) = S+ ||| = ¥(Pn: By =1,
asin acontinuous case.

Hence, if function f(x) isexpanded into series of orthonormal polynomials

- _ N-1_
f(x8)=>Y B.P.(x), N<K, (2.191)
n=0
the corresponding generalised Fourier coefficients are
=(f,p,) szf L(E9) . (2.192)

The form of the approximation function f (x, ) (2.187) is not convenient for a
numerical manipulation, but it can be expressed in a more suitable form as
f~(x,a) (2.1). Coefficients ¢, in f~(x,a) can be calculated from coefficients
B, by using equation (2.19).
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25 0RTHOGONAL POLYNOMIALSON A DISCRETE DOMAIN

For any set of positive weighting coefficients w* , defined on the arbitrary set of
K distinct sampling points &, exists a corresponding set of K orthogonal
polynomials {p,(x)} (n=0.1,..,K-1), which sdtisfies the orthogonality
relationship (2.188) [6, 7].

Therefore, there are many polynomial family sets orthogonal on different sets of
weighting coefficients w* and sampling points & on a discrete interval. The

most important ones are Gram and Chebyshev polynomials. Due to their
importance, al of these polynomias and related algorithms are described in
Chapters 2. and 4. asitislisted in Table 2.2.

Table 2.2. Orthogonal polynomials and rational functions on a discrete domain

K sampling | Weighting | Chap-
Name S8l R points coefficients | ter
Gram polynomials™ PY(x)| [-11 gﬂu)l(dlstant 1 253
roots of
) 1 4.1.7
Chebyshev polynomials B T (X)
A T.( | [-1Y
of first kind : extremesof | 1 11 1 418
T (%) L1541
roots of
_ . 1 422
Shifted Chebyshev . T (X)
: T,(x) | [0
polynomials extremesof | 1 1
" =,1,..,1,= 422
T (%) 2 2
roots of 1 A5G
Chebyshev rationdl R () | [0,) R (%) -
functions ' extremesof | 1 P 1 e
R |27 |

“ Polynomias P*(x) (n=0,1,2,..., K —1) described in Chapter 2.5.3, which are orth-
ogonal with respect to the weighting coefficients w* =1 on the K sampling points
equally spaced on the interval [-11], are called either Gram polynomials or Chebyshev

polynomials [9, 10], athough the later name is usualy reserved for polynomials
described in Chapter 4.
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In addition, in Chapters 2.5.1 and 2.5.2 two general algorithms are presented for
generating polynomials orthogonal with respect to an arbitrary set of positive
weighted coefficients w* defined on an arbitrary set of sampling points £. By
analogy to a continuous case, these two algorithms are based on different
approaches, but they give the same results.

2.5.1 Generating orthogonal polynomials on a discrete domain

For any set of positive and finite weighting coefficients w*, defined on the
particular set of sampling points &, there exists a corresponding set of
orthogonal polynomials. Let these orthogona polynomials p,(x) be
standardised by condition p,(x)=x"+... (the leading coefficient of each
polynomial has value 1) and defined by using equation (2.21). In each sampling
point £ itis

Ba(E) = (E)" = Y FPn(), n21. (2193)

To find coefficients y,,,, both sides of that eguation can be multiplied by
wWrp, (&) and summed over k=1,2,..., K :

zwk Pr (fk) pn(é:k) =
k=t . L (2.194)
= > WP (E) (E)" =D Yo D WD (E) p(£Y).

k=1 m=0 k=1

This can aso be written in the terms of weighted inner products by equation
(2.23). Due to the presumed orthogonality condition (2.188) and by analogy to
continuous case, from equation (2.23) can be obtained

_ P XD XD o g (2.195)
(P P (Prs X™)

nm

The difference between this equation and equation (2.26) consists only in the
definition of inner products.
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For the calculation of the inner products (p,,,x") and {p,,,X™) it is necessary
to determine coefficients a,, of the orthogonal polynomials p,(x) (2.8). For that
purpose, already obtained expression (2.30) can be used.

By substituting p,(x) (2.8) into inner products it can be obtained

m m K
(=S a0 = S, Sy
(2.196)

(f,pn) —Zam<f X') = Zame £ (&
r=0 k=1

To apply developed formulas, it is convenient to introduce auxiliary variables

|:=§,Wk~(§k)r,
k=1

. (2.197)
Jr:zwkfk.(gk)r
k=1
By analogy to equations (2.32) and (2.33) it can be obtained
dn:<pn’pn>:<pn’xn>zzanrl:+n’
r=0
P X" _ 1§
Yom =—0 =— wlren, M=0,..,n-1, (2.198)
(P Prm)  d, ;
(f.pw) .
By=7—"7""=
<pn1pn nzo

Complete procedure for determining coefficients a,, of orthogonal polynomials
p,(X), coefficients £, and coefficients ¢, (2.19) is given in Algorithm 2.6.

Obtained coefficients ¢, define resultant approximation polynomial F(x, )

(2.1) in the form that is the most suitable form for further numerical
manipulation.
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Algorithm 2.6. Coefficients ¢, for the orthogonal polynomial approximation
on adiscrete domain — method 1

List of input variables: N, K, w*, f*, &
List of output variables: ¢,
[/l Polynomial p,(x) =1
890 =1
Calculate_and_store_sums I, J; /I Equation (2.197)
do=1g: Bo=135/d,
{/l Polynomials p,(X), ..., Py_1(X)
forn=1,...N-1
Calculate and_store_sums |5, ,, |5, , J., // Equation (2.197)
Il Expansion of x" into seriesof polynomias py(X), ..., p,(X) (2.20)
for m=0,..,n-1
1< x .
=— lin I/ Equation (2.198
om == 2 8o quation (2.198)

m r=0
endfor
I Coefficients a,, of orthogonal polynomial p,(x) (2.8)

forr=0,..,n-1

a, = —ni Y om@or /l Equation (2.130)
endfor o
a,=1
di=Za,ll.,  /d,=(p,p,) (2199
B, = rEZ:O a J'/d. |/l Generalised Fourier coefficients (2.198)
endfor

/Il Calculating coefficients ¢, of approximation polynomial f(x, o) (2.1)
forr=0,..,N-1

N-1
a, = Er B /I Equation (2.19)

endfor
end
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2.5.2 Generating orthogonal polynomials on a discrete domain by recursion

A more convenient and efficient method for generating orthogona polynomials
p,(X) isthe use of recurrence relation

Po(Xx) =1,
pu(X) =(X-by), (2.199)

pn(X) = (X_ hw) pn—l(x) - Cn—lpn—Z(X) , n=23.,K-1,
Recursion formula (2.199) can be used for generating polynomials p,(x) of
degree up to K —1. Polynomials p,(x) of degrees greater or equa to K have

roots at sampling points & [4] . Therefore, polynomial p,(x) of K™ degree
P (X) = (X = EN(x = £%)..(x= £¥) (2.200)

is determined by K discrete sampling points £ asits roots.

Since polynomias p,(x) (n= K ) have roots at sampling points ( pn(fk) =0 for
all k) they satisfy the condition of orthogonality

(Vnz=K) iwkh(fk)lon(fk):(), (2.201)
k=1 5

with respect to any function h(x).

To apply developed formulas, it is convenient to introduce variables I, , J;, d
and g, already defined by (2.197) and (2.198). Therefore, by analogy to (2.58)
the coefficients

= PosPoy) _ 1

n-1n-

*

1
A1 1l risis
< pn—lv pn—l> dn—l r=0s=0

(2.202)

_{(Pr1Pay) _ Ay

(Po2:Pra)  ny
can be calculated.

n-1

Complete procedure for calculating coefficients a, of orthogonal polynomials,
coefficients £, (2.198) and coefficients ¢, (2.19) of resultant approximation

polynomial f(x, ) (2.1) isgivenin Algorithm 2.7.
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Algorithm 2.7. Coefficients ¢, for the orthogonal polynomial approximation
on adiscrete domain — method 2

List of input variables: N, K, &, wk, %, &£k
List of output variables: ¢,

// Polynomial p,(x) =1 /I "I’ denotes the beginning of a comment
8y =1
Calculate_and_store_sums |, J, // Equation (2.197)

do=lg; By=J5/d,
// Polynomial p,(X)=x-Db,
Caculate and store sums I, |, J; // Equation (2.197)

b=1;/d
a;=1; a,=-b
d; =aoly +15; Bi=(a,d0+J;)/d; /I Equation (2.198)

/l Polynomials p,(X), ..., Pn_1(X)
forn=2,..,N-1
Calculate_and_store integrals 1, ,, 1,,, J-

n
n-1n-1

b= 2 2 a8 1l sn/dia; Gy =dy,y/dy,  //EQ (2.198)

r=0s=0

/I Coefficients a,, of orthogonal polynomia p,(x) (2.8)

/I Equation (2.197)

8n0 = —0ha, 10— Cha@n 20

forr=1,..,n-2
a, = an—l,r—:L - hwan—l,r - Cn—:La'n—Z,r I Equaﬂon (256)
endfor

an,n—l = an,n—2 - bnan—l,n—l; a, = an—1,n—1
d = %Oamlr*m; B, = ioamaj /d; 1l Generalised Fourier coeff. (2.198)

endfor
// Calculating coefficients ¢, of approximation polynomial f(x,a) (2.1)
forr=0,..,N-1

N-1

o =2 fa, /I Equation (2.19)

endfor
end
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2.5.3 Gram polynomials

Polynomials P(x) (n=0,1,..., K —1) that are orthogonal on the K sampling

points

2(k-12)
K-1

equally spaced on the intervad [-11] with respect to the unit weighting

=1+

 k=12,...K, (2.203)

coefficients w* =1, are usually known as Gram polynomials' [12, 13].

The Gram polynomials can be expressed in the form

Pk (30 = 3 Ly (MR 9
" (X) cng:)( ) K)Z  (K-1® (2.204)
s=2(x+1)(K-1).

Herein upper index in the brackets denotes factorial powers o® (B.1), as
defined in the Appendix B.

Constants ¢/ can be chosen arbitrary to satisfy some criteria (e.g. to make

polynomials orthonormal or to satisfy the condition P (1) =1 (n>K), etc.). The
expanded form of expression (2.204) is

_(n+Yn_ s +(n+2)(n+1)n(n—1) s(s-1)

P (x)=c" (1

@)? K-1 (2)? (K-1)(K-2)
(2.205)
_(n+3)(n+2)(n+Yn(n-1(n-2) s(s—1(s-2) N
)’ (K-D)(K-2)(K-3) ]
The recursion formula
Kooy (2N=-D)(K-1) _« _(h=D(K+n-1) «
PO =" oy 0= R0, (2200

can be used for generating polynomials P/(x) of degree up to K -1.
Polynomials P/(x) of degrees greater or equa to K have roots a sampling
points £ [4] . Therefore, polynomial RS (x) of K™ degree

P (X) = (X = EN(Xx=&%)...(x = &) (2.207)

is determined by K discrete sampling points £ asits roots.
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Example 2.11. First few Gram polynomials are

Ry =1,

R =x,

P — HK-Dx* —(K+D) (2.208)

2(K-2)
15(K —1)%x3 —[5(K? —1) + 4(K 2 —4Alx.
6(K -3)(K-2)

Coefficients of Gram polynomials depend on the number of sampling points
K. For five point approximation with Gram polynomials K =5. The relevant

orthogonal polynomials of degrees zero through four can be obtained by
adopting recursion formula (2.206):

4(2n-1)

P =

P00 = S e 00 - % PY,(X). (2.209)
Therefore, the first few Gram polynomialsin five point approximation are

7 =

R =x,

Py =2x* -1, (2.210)

Py =3 (20x° -17x),
Py = 2 (140x* —155x° +18).

It may be seen that the n-th polynomial is an even function of x when n is
even, and an odd function of x when n is odd. Also, each polynomial takes on

the value unity when x=1 (i.e. P*(1) =1).

Gram polynomials possess orthogonality property
n#m

(P PE) ZP ()P (fk){ ST (2.211)

n<K.
If n>K, then (PX,P*y=0.

When n<< KY?, Gram polynomials are very similar to Legendre polynomials,

but when n>> K2, they have very large oscillations between the sampling
points. Related to this is the fact that when fitting the polynomial to equidistant

data, degree n of applied polynomials should not be greater than about K2 [12].
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Further, if K is increased without limit then PX(x) tendsto n™ degree Legendre
polynomia B, (x):

lim P (x)=P,(X). (2.212)

That can be easily verified by increasing K to infinity in recursion formula
(2.206). The result is recursion formula (2.62) for Legendre polynomials.

2.5.4 Approximation with Gram polynomials

The N —1" degree least squares polynomial approximation of the function f (x)
over the K sampling pointsis given by

_ N-1
F6B)=D LR (¥, N<K, (2.213)
n=0
where generalised Fourier coefficients are
K
D HER(EN
B, = (R _id : (2.214)
<PK’PK> : K ky12
T Y IRE)]
k=1

To apply developed formulas, it is convenient to introduce auxiliary variables

=&’
k=1

< (2.215)
3r=2 1 (€Y

k=1

By analogy to equations (2.198) and (2.33) it can be obtained
dy =(PK, Py = (P, x") = Zanr
(2.216)

B = (R PO 1L
"TPNPS A&

Complete procedure for calculating coefficients a,,, (2.30) of Gram polynomials,
coefficients S, and coefficients ¢, (2.19) of resultant approximation

polynomial f(x, ) (2.1) isgivenin Algorithm 2.8.
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Algorithm 2.8. Coefficients ¢, in Gram polynomial approximation
List of input variables: N, K, f*
List of output variables: ¢, , £,

/I Equidistant sampling points & on the interval [-1,]

fork=12,..K

=1+ 2(k-1 /(K -1)
endfor
ago =1 /I Polynomial P (x)=1
Cdlculate_and_store_sums |4, Jg // Equations (2.215)
dg =lg; By=J5/d, /I Equations (2.216)

. =1; 8,,=0 // Polynomial PK(X)=X
Calculate and_store_ sums I/, |5,
- 2’ ﬂl - ‘]l /dl
/i Polynomials PA(X), ..., (%)
forn=2,...,N-1

Calculate_and_store sums I3, ,, 15,, J; /I Equations (2.215)
I Calculate coefficients a,, of PX(x) using recursion formula (2.206)
a0 =—-(N-D(K+n-1)a, ,,/(n(K-n))
forr=1..n-2

_ (2n - 1)(K _1)an—1,r—l - (n - 1)(K +Nn-— 1)an—2,r

1 /I Equations (2.215)
// Equations (2.216)

' n(K —n)
endfor
a = (2n-D)(K-Da, 1, , . 2o (2n-D(K-Da, 1,
nt n(K —n) Lo n(K —n)
d: = z Ayl = gloam\]r'/d; JI Equations (2.216)
endfor

/I Calculate coefficients ¢, of approximation polynomial F(x, o) (2.1)
forr=0,..,N-1
N-1

al’ = nz::r ﬁnanr

endfor
end

// Equation (2.19)
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2.6 CONVERSION OF POWER SERIES

Exact integration in continuous approximation is usually avoided by using
numeric integration or by using discrete approximation. Any type of integration
can be completely avoided in continuous approximation method based on the
conversion of power series. This method consistsin

1. obtaining initial power series (e.g. by Maclaurin series expansion),

2. converting obtained power series into a series of orthogonal polynomials,

3. truncating polynomial seriesand in

4. converting truncated polynomials series back into a power series.

Obtained power series can be aimost equal to those obtained in approximation
with orthogona polynomials on a continuous domain. The matching is better if a
greater number of dements of initial power seriesis used.

Power series can be converted into a series of orthogona polynomials by expansion
of monomias x™. Any monomia x™ of order m can be expanded with the first
m+ 1 orthogonal polynomials p,(x), p,(X), ..., Pm(X) by using equation

X" =GP (¥). (2217)
n=0

By substituting polynomial p,(x) (2.8) it follows

X" = i(cmnzn:amxrj : (2.218)

n=0 r=0
By rearranging that expression it can be obtained

i(icmnam —(Sanx’ =0. (2.219)

r=0\_n=r

That equation is satisfied if and only if

m
(Vr=01,...m) > cray =, (2.220)
n=r
or
Qo o g - Apol| Cmpo 0
0 a; ay; .. an|| Cn 0
0 0 @, .« 8pold o p=qeep- (2.221)
N . oo || Conmet
0 0 0 ... amll Cmn 1
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Therefore, coefficients c,,, of expansion (2.117) can be easily calculated by
recursion

Cmn|::1/E%Hn1

-1 & 2.222
(Vr=m-1,m-2,...,0) cmrzar—l D Gy - (2.222)
r n=r+l1

It should be noted that recursion is carried out in reverse order, from r =m-1 to
r=0.

If orthogonal polynomias p,(x) are standardised so that p,(x)=x"+... (i.e,
the leading coefficients a,, have value 1), the diagonal elements of matrix in
equation (2.221) take unit values, so that

1 ay @, - @yl Cno 0
0 1 a; .. au| Cwu 0
0 0 1 . ag] . t={.l, (2.223)
v || Crumet 0
00 0 .. 1llec.]| |2

while the recursion (2.222) simplifiesto

c:mm =11
(Vr=m-1,m-2,..,0) ¢, =- Zm:cmnam. (2-224)
n=r+1
If theinitial power seriesisinfinite, it hasaform
f(x,a)= i:amxm : (2.225)
m=0

whichisequa to
D 8n D Cm Py (X) =
=0 n=0

= (iamcm,oj Po(X) +[iamcm,1J p(X) +(iamcm,2J P(X) +..  (2.226)
m=0 m=1 m=2

=w(w%%Jmux

n=0\m=
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then the coefficients of resulting series f (x,5) (2.7):

Bo=> anCm (2.227)

are equd to the generalised Fourier coefficients £, (2.10), or to those that can be
obtained by the polynomial |east-squares approximation applied to the f (X) .

In other words, if the initial power seriesisinfinite and obtained by Maclaurin series
expansion of function f(x), the resultant series of orthogonal polynomials is the

same as those obtained by applying orthogona polynomias or polynomial least-
-squares method directly to the function f (x) .

The problem arises from the fact that coefficients £, in (2.227) are defined as
infinite sum. In practice, only the first M elements of initial power series f(x,a)
(2.225) are taken into account, so the calculation of coefficients £, becomes
finite. Therefore, in the resulting series

F(8)=D.Bp.(¥), N<M, (2.228)
n=0
the generalised Fourier coefficients £, (2.227) are approximated with

- M2
Bo=> 8,Cm, N=012.,N-1. (2.229)
m=n

Finally, the coefficients ¢, of polynomial f~(x,a) (2.1) that is equivaent to

approximation f~(x, ,E) (2.228) can be calculated by using the formula (2.19) or,
more precisely, by using the formula

N-1 __
& =) By - (2.230)

Procedure for calculating generalised Fourier coefficients Bn and coefficients
o, of converted power seriesis presented in Algorithm 2.9.

The described procedure is frequently used in conversion of initial polynomial
that approximates function f(x) (usualy contains the first M elements of
Maclaurin series expansion) into series of Chebyshev polynomials (Chapter 4.).
The obtained series is truncated and after that converted back into power series.
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Although the resulting polynomial has lower degree than the initial one, the
degradation of accuracy is usualy minimal. Since the number of numerical
operations required for calculating the values of approximated function for
certain argument is reduced, the described conversion of polynomials is called
Chebyshev economisation and it is described in Chapter 4.7.

Algorithm 2.9. Conversion of power series

List of input variables: M, N, a,,, a,,
/I'M Number of summation elements of initial power series
/I'N  Number of summation elements of converted power series(N <M )

Il a,, Coefficients of initial power series (or initial approximation)
/I a,, Coefficients of orthogonal polynomials p,(x)

List of output variables: ¢, , ﬁ~n /[ “II" denotes the beginning of the comment

/I Calculate coefficients c,, (expansion of monomias x™)
for m=0,1,..,.M -1
Cmm = :Ua'mm
for r=min(m-1,N -1),...,0
—q
Coo =— ) Comy /I Equation (2.222)
arr n=r+1
endfor
endfor

/I Calculate generalised Fourier coefficients
forn=0,1...N-1
_ M
Bo=> 8nCm /I Equation (2.229)
endfor

/I Calculate coefficients ¢, of converted power series F(x, o) (21)
forr=0,..,N-1
N-1 ~
a =2 f.a, Il Equation (2.230)
n=r
endfor
end



