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1. INTRODUCTION TO APPROXIMATION 
 
Approximation is a numerical procedure of calculating fairly accurate values of a 
function )(xf  by using corresponding approximation function suitable for 
numerical manipulation. For example, a lot of functions, such as logarithmic and 
trigonometric functions, whose values cannot be calculated directly, are 
approximated with the corresponding power series. These power series when 
once determined are forever. The most important ones are included in the 
standard computers’ mathematical libraries and implemented in the hardware of 
scientific calculators.  
 
Let function )(xf  be approximated by approximation function 

 ) ..., , , ,(~),(~
110 −= Nxfxf ββββ , (1.1) 

so that the approximation error (usually called residual) defined as a difference 
between function )(xf  and its approximation ) ,(~ βxf  is minimised on the 
chosen domain by the appropriate choice of the coefficients nβ  
( 1 ..., ,1 ,0 −= Nn ). 
 
Depending on whether a domain on which the approximation is provided is 
continuous or discrete, the approximation is of continuous type or discrete type.  
 
In the approximation of continuous type the approximated function )(xf  and the 
approximation error 
 ) ,(~)() ..., , , ,() ,( 110 βββββ xfxfxExE N −== − , (1.2) 
are defined on a continuous domain. 
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In the approximation of discrete type an approximated function )(xf  is defined 
on a discrete domain by its values )( kk ff ξ=  in a chosen set of distinct points 

kξ , called sampling points or nodes1. In this case, the approximation error is also 
defined as the difference between value kf  of approximated function )(xf  and 
its approximation ) ,(~ βξ kf  in the sampling point kξ , as 

 ) ,(~) ..., , , ,() ,( 110 βξβββξβξ kk
N

kk ffEE −== − . (1.3) 

Furthermore, the approximation can be of linear and nonlinear type. In the 
approximation of linear type approximation function ),(~ βxf  is a linear 
combination of so called coordinate functions )(xnφ  and can be expressed by the 
approximation formula: 
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Used set of coordinate functions })({ xnφ  can be chosen arbitrary as long as it is 
complete2 and linearly independent 3. 
 
If the function )),...,,(()( 21 Mxxxxfxf =  depends on M arguments mx , then by 
substitutions 
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1 Note that upper index k is an index of a function value kf  and sampling point kξ  and 
not an exponent. Lower index denotes coordinates k

1ξ , k
2ξ , … of a sampling point kξ . 

2 The set of functions },..., , {1, 12 −Nxxx  is complete with respect to any approximated 
function, while the set of functions },..., ,{ 12 −Nxxx  is complete only if 0)0( =f , since 

1
1

2
21 ...),(~ −

−+++= N
N xxxxf ββββ   cannot approximate function that has non zero 

value at 0=x . 
3 Consider that functions )(xnφ  are linearly dependent, i.e. that at least one of them can 
be expressed as a linear combination of others as nnLnL φαφ

≠
Σ= . Substitution of Lφ  into 

original approximation formula (1.4) yields to the approximation formula of the same 
form )( ) ,(~ xxf nnn

φββ Σ=  in which nLnn αβββ +=  ( Ln ≠ ) and 0=Lβ , i.e. to the 

approximation formula in which the linearly depended function Lφ  is excluded. 
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the approximation formula )() ,(~ 1

0
xxf nn

N

n
φββ

−

=
Σ=  can also be expressed in the 

equivalent (but expanded) form 
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Coordinate functions )( 1
[1]
1

xnφ , )( 2
[2]

2
xnφ , … are usually chosen from the same 

family of functions }{ *
nφ . In this case 
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The approximations of linear type are relatively simple in comparison to the 
approximations of nonlinear type, and for that reason are frequently used.  The 
approximations of nonlinear type in which nonlinear combinations of coordinate 
functions are involved, like most nonlinear analysis, are difficult to be formulated 
and applied and because of that are rarely used. However, the exception is the 
nonlinear approximation of real type which has the form 
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where 
1na  and 

2nb  are constant parameters. 
 
Although coordinate functions )(xnφ  can be chosen arbitrary, it is usually more 
convenient to expand the function )(xf  into infinite series 

 ∑
∞

=

=
0

)()(
n

nn xxf φβ , (1.9) 

such as 
 

1. Taylor series,  
2. Maclaurin series (special case of Taylor series),  
3. series of orthogonal functions (e.g. Fourier series),  
4. series of orthogonal polynomials. 
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Approximation function ),(~ βxf  is then a partial sum of the first N elements 

 ∑
−

=

=
1

0

)(),(
N

n
nnN xxS φββ  (1.10) 

that is compliant with (1.4). 
 
The crux of the approximation problem is a criterion of minimising approximation 
error that will determine constants nβ . The five major methods of doing this lead 
to the five main types of approximations which are of the highest importance:  

1. Approximation near the point in which the approximation and its first 
derivatives are equal to the approximated function )(xf  and its first 

derivatives )()( xf n  in the single point ξ=x : 

a. Taylor series expansion: series of powers kx )( ξ−  whose partial 

sum 1
110 )(...)(),( −
− −++−+= N

NN xxxS ξβξβββ  and its first 

1−N  derivatives ),()( βxS n
N  are equal to the approximated 

function )(xf  and its first 1−N  derivatives )()( xf n  in the 
chosen point ξ=x ; precisely, ),()( βξξ NSf =  and 

),()( )()( βξξ n
N

n Sf =  for 1 ..., ,1 −= Nn . 

b. Maclaurin series expansion: series of powers kx  whose partial sum 
1

110 ...),( −
−+++= N

NN xxxS ββββ  and its first 1−N  derivati-

ves ),()( βxS n
N  are equal to the approximated function )(xf  and 

its first 1−N  derivatives )()( xf n  in the point 0=x ; precisely, 

),0()0( βNSf =  and ),0()0( )()( βn
N

n Sf =  for 1 ..., ,1 −= Nn . 
c. Padé approximation: the rational function )(xRnm  defined as a 

quotient of two polynomials )(/)( xQxP mn  of orders n and m, 
whose value and the values of its first mn +  derivatives  

)()( xR k
nm , mnk +=  ..., ,1 , equals to the exact values of the 

approximated function )(xf  and its first mn +  derivatives 

)()( xf k  at the point ξ=x ; precisely, )()( ξξ nmRf =  and  

)()( )()( ξξ k
nm

k Rf =  for mnk +=  ..., ,1 . 
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2. Exact or interpolatory approximation: 
a. Interpolation, in which the constants nβ  are chosen so that the 

approximation ),(~ βξ kf  equals to the values of function 
)( kk ff ξ=  in the chosen set of K distinct points kξ , Kk  ..., ,1= . 

b. Hermite interpolation, in which the approximation ),(~ βξ kf  and 
its first derivatives ),(~ )( βξ knf  (where n is positive integer) 
equals to the values of function )( kf ξ  and its first derivatives 

)()( knf ξ  in the chosen set of K distinct points kξ , Kk  ..., ,1= . 

3. Least-squares approximation: 
a. Continuous least-squares approximation, in which the goal is to 

minimise the integral of the squared approximation error 
2]),(~)([ βxfxf −  (optionally multiplied by weighting function) 

over a given continuous domain. 
b. Discrete least-squares approximation, in which the goal is to 

minimise the sum of the squared approximation error 
2]),(~)([ βξξ kk ff −  (optionally multiplied by weighting 

coefficients) over a discrete set of K distinct points kξ . 
The Fourier series and series of orthogonal functions inherently 
satisfy least-squares criteria. 

4. Uniform or minimum-maximum approximation: 
a.  Continuous uniform approximation, in which the aim is to 

minimise the maximum magnitude of the approximation error 
|),(~)(|max βxfxf −  (optionally multiplied by weighting 

function) on a continuous domain. 
b. Discrete uniform approximation, in which the aim is to minimise 

the maximum magnitude of the approximation error 
|),(~)(|max βξξ kk ff −  (optionally multiplied by weighting 

coefficients) over a discrete set of K distinct points kξ . 

5. Approximation and interpolation by splines consists in splitting an 
interval into segments on which the approximations or interpolations are 
provided separately, while the approximation function ),(~ βξ kf  and its 
first derivatives ),(~ )( βξ knf  have equal values on the shared boundary 
points kξ  of joined segments. 
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1.1 APPROXIMATION NEAR THE POINT 
 
In this type of approximations, the values of approximation and its first 
derivatives are equal to the values of the approximated function and its first 
derivatives in the single approximation point. Although approximation error is 
small in the area close to the approximation point, it increases rapidly away from 
that point.  
 
1.1.1 Taylor series expansion 

The function )(xf  of single argument x can be expanded into infinite power 
series 
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If the function )(xf  has derivatives of all orders on an interval containing the points 
x and ξ , the coefficients ... , , 10 ββ  can be determined by the conditions 
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So obtained power series in ( ξ−x ) of the form 
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is called the Taylor series expansion of function )(xf  in the point ξ  [1].  
 
By introducing notation 
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the Taylor formula (1.13) can be expressed in a simpler form 
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Example 1.1. Taylor series expansion of the function )ln(x  in the point 1=ξ   

 20   ...,
4

)1(
3

)1(
2

)1()1()ln(
432

≤<+−−−+−−−= xxxxxx . (1.16) 

Function )(xf  can be approximated by the first N terms of the Taylor series as 
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This formula is equivalent to the approximation formula (1.4). Precisely 
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where 
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The approximation error in the integral form is [2]: 
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 (1.20) 

By the use of a mean theorem of calculus which says 

 ∫∫ −− −=−
x

NN
x

NN xfxf
ξξ

ξξζξξξ d)()(d))(( 1)(1)( , (1.21) 

where ζ  is a point between ξ  and x, otherwise unknown, the approximation 
error can be obtained in the Lagrange form 

 N
N

N x
N

fxE )(
!

)()(
)(

ξζ −=      or    ),( )()( ξφζβ xxE NNN = . (1.22)  

This form of the error is very popular because of its close similarity to the terms 
of the Taylor polynomial. Except for a ζ  in the place of a ξ  it would be a term 
which produces the Taylor polynomial of the next higher degree. 
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At the point ξ=x , the approximation )()(~ ξξ ff =  has no error, since 

0)( =− nx ξ   for ξ=x  and 1≥n . 
 
The Taylor series expansion can also be applied in multiple dimension domains.  
 
In a two dimensional domain the function )(xf  depends on two coordinates 1x  
and 2x  of the point ),( 21 xxx . The function ),()( 21 xxfxf =  of two arguments 

1x  and 2x  can be expanded into infinite power series 
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If the function )(xf  has derivatives of all orders on a domain containing the 
points ),( 21 xxx  and ),( 21 ξξξ , the coefficients 

21nnβ  can be determined by the 

conditions 
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Therefore, the expansion at the point ),( 21 ξξξ  can be done by  

 

.
!

)( 
!

)( )(          

!
)( )(

!
)( )()()(

1 1 2

22

1

11

21

1 2

22

21 1

11

1

1 2

21

21

21

2

2

2

2

1

1

1

1

∑ ∑

∑∑
∞

=

∞

=

+

∞

=

∞

=

−−
∂∂

∂+

+−
∂

∂+−
∂

∂+=

n n

nn

nn

nn

n

n

n

n

n

n

n

n

n
x

n
x

xx
f

n
x

x
f

n
x

x
ffxf

ξξξ

ξξξξξ

 (1.25)  

It is convenient to define zero-derivative that is only formally a derivative as it 
leaves functions unchanged. I.e., if it is assumed that  
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then the Taylor formula for two arguments can be written in the short form 
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The approximation can be made by using the approximation formula 
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1N  is a constant, while 2N  can be either a constant (usually 12 NN = ) or a 
function of 1n . If 2N  is a constant, the approximation formula (1.28) has 

21NNN =  elements. If 2N  is a function of 1n , so that 112 nNN −= , the 
approximation formula (1.28) has 2/)1( 11 += NNN  elements. 

Example 1.2. Double Taylor series expansion. For 421 == NN , the 
approximation formula (1.28) has 16 summation elements,  
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while for 41 =N  and 112 nNN −=  the approximation formula (1.28) has 10 
summation elements 
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The Taylor formula (1.27) for expansion of a function of two arguments can be 
generalised to the formula for expansion of a function which has M arguments 
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This formula is equivalent to 
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where 
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The approximation can be made by using the formula (1.7) with MNNNN ...21=  
elements. 
 
1.1.2 Maclaurin series expansion 

Maclaurin series can be obtained from the Taylor series by putting point ξ on the 
origin of the coordinate system ( 0=ξ ). The series in x of the form 
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is called the Maclaurin series expansion of the function )(xf  (upper index of 
nx  is an exponent).  

Example 1.3. Few examples of Maclaurin series expansion: 
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(1.29)
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sinh
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++++= xxxxx . (1.36)  

The function )(xf  can be approximated by the first N terms of series as 
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At the point 0=x , the approximated value of function )0()0(~ ff =  is given 
without error since 0=nx . 
 
By analogy to the Taylor series expansion, the Maclaurin series expansion can 
also be applied on multiple dimension domains. For example, on a two 
dimensional domain, by putting 01 =ξ  and 02 =ξ  into (1.27) it is easy to obtain  
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Example 1.4. Maclaurin series expansion of 21),( 21
xxexxf += . The 

derivatives are 
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From the expansion formula (1.38) follows 
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The approximation can be made, say, by using the approximation formula 
with 164421 =⋅=NN  summation elements, 
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or, by using the approximation formula with 102/)1( 11 =+NN  summation 
elements 

 
4444 34444 2144 344 21

321

3

3
2

2
212

2
1

3
1

2

2
221

2
1

1

21

2121
21

21

!3!2!1!1!2!3!2!1!1!2
1

=+=+
=+

+ +++++++++≈

nnnn
nn

xx xxxxxxxxxxxxe  (1.42) 

 



24 Numerical Methods III, Approximation of Functions 

 

1.1.3 Padé approximant 

The Padé approximant of order (n,m), 0≥n , 0≥m , is the rational function 
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where coefficients naaa ,...,, 10 , mbbb ,...,, 10  are determined by the conditions 
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Equivalently, if )(xRnm  and )(xf  are both expanded in the Taylor series 
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the first 1++ mn  terms of )(xRnm  would cancel the first 1++ mn  terms of 
)(xf , and as such the approximation error is 

     ...)()()()()( 2
2

1
1 +−+−=−= ++

++
++

++
mn

mn
mn

mnnm xcxcxRxfxE ξξ . (1.46)  

The Padé approximant is unique for a given n and m, that is, the coefficients 
naaa  ..., , , 10 , mbbb  ..., , , 10 , can be uniquely determined. It is for the reason of 

uniqueness that the zero order term 0b  at the denominator of )(xRnm  is usually 
chosen to be 1 . 
 
Padé approximant is developed by Henri Padé. It often gives a better 
approximation of the function than truncating its Taylor (or Maclaurin) series, 
and may still work where the Taylor series does not converge. 

(1.45)
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Determination of coefficients ia  ( ni ≤ ) and jb  ( mj ≤ ) can begin from the 

equation system containing equation )()()( xPxQxR nmnm =  and its derivatives.  
 
According to the formula (A.24) for multiple derivatives of products (see  
Appendix A.5) 
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Upper index in the brackets denotes derivative, e.g. )()()2( xPxP nn ′′≡ . By the 
definition )()()0( xRxR nmnm ≡ , )()()0( xQxQ mm ≡  and )()()0( xPxP nn ≡ . 
 
Since )()( )()( ξξ i

nm
i Rf =  (1.44), and since derivatives of the polynomials at ξ=x  

are i
i

n aiP !)()( =ξ  and j
j

m bjQ !)()( =ξ , from the equation (1.47) follows 
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The first k equations (1.48) can be written in the matrix form 
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By putting 0=ia  for ni > , 0=jb  for mj >  and 10 =b  a linear equation system 
can be obtained whose solution are coefficients ia  ( ni ≤ ) and jb  ( mj ≤ ). 
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Example 1.5. Padé approximant. For 2== mn  and 0=ξ , the equation 
system (1.49) reduces to 
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This equation system can be divided into the two equation systems, the first 
one determining coefficients 1b  and 2b : 
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 (1.51)  

and the second one determining coefficients 0a , 1a  and 2a : 
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Consider approximation of the function xexf =)( . Since 10 =e  and 
1)0( 0)( == ef i , the equation systems to be solved are 
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and  
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Their solution is: 2/11 −=b , 12/12 =b , 10 =a , 2/11 =a  and 12/12 =a . 
Therefore,  the function xexf =)(  can be approximated with 
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By using the same procedure other approximations of the function xexf =)(  
can be found, such as 
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 (1.56)  

Note that )(0,4 xR  is equivalent to the polynomial obtained as Maclaurin series 
(1.33) truncated to the first five elements. 

 
1.1.4 Comparison of approximation errors 

In approximations by using Taylor or Maclaurin series expansion, as well as in 
Padé approximations, error increases rapidly away from the centre of 
approximation interval. This can be illustrated by Padé approximations of the 
function xexf =)(  at point 0=ξ  with the rational functions nmR  ( 2=+ mn ), 
which are described in Example 1.5. The approximations based on Taylor  
and Maclaurin expansions are special cases of Padé approximations with 
polynomial 0,nR . 
 
Comparison of approximation errors )(xReE nm

x −=  of the function xexf =)(  
at point 0=ξ  is given in Tab. 1.1 and illustrated by plots in Fig. 1.1. 
Comparison of corresponding relative errors is given in Tab.1.2 and illustrated by 
plots in Fig. 1.2. Among the analysed approximations, the smallest relative 
approximation error x

nm
x exReE /)(1/ −=  on the interval ]1,1[−  has Padé 

approximation with the rational function )(2,2 xR . In addition, the function 
)(2,2 xR  requires less numerical operations then the polynomial )(0,4 xR  that can 

be obtained by Maclaurin series expansion. 



28 Numerical Methods III, Approximation of Functions 

 

 
Tab. 1.1. Errors )(xReE nm

x −=  in Padé approximation of xe  at 0=ξ  

x xe  
(n,m) 

(4,0) (3,1) (2,2) (1,3) (0,4) 
−1 0,3679 −0,0071   0,0012 −0,00054   0,00053 −0,0014 
−0,75 0,4724 −0,0018   0,00033 −0,00016   0,00018 −0,00050 
−0,5 0,6065 −0,00024   0,000049 −0,000027   0,000032 −0,00010 
−0,25 0,7788 −0,0000078   0,0000018 −0,0000011   0,0000014 −0,0000052 
  0 1   0   0   0   0   0 
  0,25 1,2840   0,0000086 −0,0000023   0,0000018 −0,0000029   0,000013 
  0,5 1,6487   0,00028 −0,000088   0,000073 −0,00013   0,00065 
  0,75 2,1170   0,0023 −0,00079   0,00072 −0,0015   0,0078 
  1 2,7183   0,010 −0,0039   0,0040 −0,0090   0,052 

−0,006

−0,004

−0,002

0

0,002

0,004

0,006

−1 −0,5 0 0,5 1

R 4,0

x

R 3,1

R 2,2

R 1,3

R 0,4

E

 
Fig. 1.1. Comparison of errors )(xReE nm

x −=  for Maclaurin ( 0,4R ) 

and Padé approximations of xe  at 0=ξ  
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Tab. 1.2. Relative errors x

nm exR /)(1−  in Padé approximation of xe  at 0=ξ  

x xe  
(n,m) 

(4,0) (3,1) (2,2) (1,3) (0,4) 
−1 0,3679 −0,019   0,0033 −0,0015   0,0014 −0,0037 
−0,75 0,4724 −0,0038   0,00070 −0,00034   0,00037 −0,0011 
−0,5 0,6065 −0,00040   0,000080 −0,000044   0,000053 −0,00017 
−0,25 0,7788 −0,000010   0,0000023 −0,0000014   0,0000018 −0,0000010 
  0 1   0   0   0   0   0 
  0,25 1,2840   0,0000018 −0,0000018   0,0000014 −0,0000023   0,000010 
  0,5 1,6487   0,00017 −0,000053   0,000044 −0,000080   0,00040 
  0,75 2,1170   0,0011 −0,00037   0,00034 −0,00070   0,0038 
  1 2,7183   0,0037 −0,0014   0,0015 −0,0033   0,019 

0,000001

0,00001

0,0001

0,001

0,01
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Fig. 1.2. Comparison of relative errors |/)(1||/| x

mn
x exReE −=   

for Maclaurin ( 0,4R ) and Padé approximations of xe  at 0=ξ  
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1.2 ORTHOGONAL SERIES EXPANSION 
 
Consider an expansion of a function 

 ,    ),()(
0

Ω∈=∑
∞

=

xxxf
n

nnφβ   (1.57) 

in a series of coordinate functions )(xnφ , which are orthogonal with respect to 
the so called weighting function )(xw  on a domain Ω . Such series, called 
orthogonal series, are generalisation of the Fourier series (Chapter 3). 
 
1.2.1 Orthogonal functions on a continuous domain 

Two functions )(xnφ  and )(xmφ  selected from a set of functions )}({ xnφ  are 
orthogonal with respect to a weighting function )(xw  on a continuous domain 
Ω  (can be an interval, area, volume, etc.) if 
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xxxxw mn φφ  (1.58) 

This integral is called weighted inner product. By introducing the following 
notation for the weighted inner product on a continuous domain4  

 ∫
Ω

Ω=〉〈 )(d )( )( )(, xxxxw ψφψφ , (1.59) 

the condition of orthogonality (1.58) can be written in a simpler form 
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   ,
mn
mn

nm φφ  (1.60) 

If this relationship holds for all m and n, a family of functions )(xnφ  constitutes a 
set of orthogonal functions )}({ xnφ . Well known families of orthogonal 
functions are the sets }{sin ϕn  and }{cos ϕn  which are orthogonal on the 
interval ],[ ππ− . Several families of well-known polynomials do possess the 
property of orthogonality. The most known sets of such kind are the Legendre, 

                                                 
4 Notation 〉〈 ψφ,  for the weighted inner product is used instead of the form ),( ψφ  
frequently used in some mathematical books, to avoid confusion in interpretation of 
terms ),(~ βxf , ),( 21 xxx , etc. 
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Chebyshev, Laguerre and Hermite polynomials. The set of monomials5 such as 1, 
x, x2, x3, ... , xn (superscripts are exponents) are not orthogonal. 
 
The special class of orthogonal functions are orthonormal functions. If a 
weighting function )(xw  is positive on a domain Ω , possibly with a finite 
number of zeros, than the inner product 

 ∫
Ω

Ω=〉〈 )(d ])([ )(, 2 xxxw nnn φφφ  (1.61) 

is positive and a set of orthogonal functions )}({ xnφ  can be normalised  by 
dividing each function )(xnφ  with its norm6 [3] 

 〉〈= nnn φφφ , . (1.62)  

The normalised set of functions  

 
n

n
n

xx
φ

φφ )()( =    (for each n), (1.63)  

is said to be orthonormal with respect to a weighting function )(xw  on a domain 
Ω . These functions have the property  
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nm φφ  (1.64) 

or, shorter 

 mnnm δφφ =〉〈 , . (1.65) 

Herein, mnδ  represents the Kronecker’s delta symbol that has values 1=mnδ  for 
nm =  and 0=mnδ  for nm ≠ . 

 

                                                 
5 Monomial is any value obtained from 1 by finitely many multiplications by a variable 
or variables. If only a single variable x is considered this means that any monomial is 
either 1 or a power nx  of x, with n as positive integer. If several variables are considered, 
say, 1x , 2x  and 3x , then each can be given an exponent, so that any monomial is of the 
form 321

321
nnn xxx  with 1n , 2n  and 3n  a nonnegative integers (taking note that any exponent 

0 makes the corresponding factor equal to 1). Notation can be shortened by writing 
),,( 321 nnnn = , when it can be defined 321

321
nnnn xxxx = . 

6 In general, the p-norm is defined as  )(d ])([ )(p p
npn xxxw∫Ω Ω= φφ . 
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1.2.2 Orthogonal functions on a discrete domain 

Two functions )(xnφ  and )(xmφ  selected from a family of functions )}({ xnφ  are 
orthogonal with respect to weighting coefficients kw  over a discrete domain (i.e. 
a finite set of K distinct points kξ ) if 
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The sum on the left side is called weighted inner product, as the integral on a 
continuous domain (1.58). By introducing the following notation for the 
weighted inner product on a discrete domain 

 ∑
=

=〉〈
K

k

kkkw
1

)( )(, ξψξφψφ , (1.67)  

the condition of orthogonality (1.66) can be written in a simpler form which is 
equal to that in the continuous case (1.60). The difference is only in the 
definitions of inner products (1.59) and (1.67). 
 
If condition (1.66) holds for all m and n, the family of functions )}({ xnφ  
constitutes a set of orthogonal functions on a discrete domain. Well known 
families of orthogonal functions on a discrete domain are the sets }{sin ϕn  and 

}{cos ϕn  which are orthogonal on the equidistant set of points on the interval 
],[ ππ− . Several families of well-known polynomials do also possess a property 

of orthogonality on a discrete domain. The most known sets of such kind are the 
Gram and Chebyshev polynomials. 
 
The special class of functions which are orthogonal on a discrete domain are 
orthonormal functions. If weighting coefficients kw  are positive, then the inner 
product on a discrete domain 

 ∑
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=〉〈
K

k

k
n

k
nn w

1

2])([, ξφφφ  (1.68)  

is positive and a set of orthogonal functions )(xnφ  can be normalised by dividing 
each function )(xnφ  with its norm 〉〈= nnn φφφ , . 
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Normalised functions nnn xx φφφ /)()( =  (for each n) are orthonormal with 

respect to weighting coefficients kw  on a particular finite set of K distinct points 
kξ . The properties of orthonormal functions are already specified by expression 

(1.64) (and (1.65)).  
 
1.2.3 Expansion in orthogonal series (generalised Fourier coefficients) 

Assuming that a series on the right side of equation (1.57) converges to )(xf  on 
a domain Ω , both sides of (1.57) can be multiplied by )( )( xxw mφ  and 
integrated over a domain Ω : 
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Since the set of functions }{ mφ  is considered orthogonal on a domain Ω , some 
integrals vanish. Therefore, it follows 
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So obtained coefficients nβ  are called generalised Fourier coefficients. 
 
Function )(xf  that depends on M arguments Mxxx ,..., 21  can be easily expanded 
into a series 
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of functions ]1[
1nφ , ]2[

2nφ , …, ][M
nM
φ  that are orthogonal with respect to functions 

)(),...,(),( ][
2

]2[
1

]1[
M

M xwxwxw  on independent intervals ],[ 11 ba , ],[ 22 ba , …, 
],[ MM ba  (Fig. 1.3), i.e. into a series of coordinate functions that satisfy condition 
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Fig. 1.3. Example of independent intervals in the 2D space 

 
Both sides of the series (1.71) can be multiplied by )()...()( ][
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M xwxwxwxw = , and integrated over intervals ],[ 11 ba , 
],[ 22 ba , …, ],[ MM ba . The results are generalised Fourier coefficients 
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Approximation function ) ,(~ βxf  (1.4) (or (1.6)) is a partial sum of the first N (or 

MNNNN  ... 21= ) elements.  
 
It should be emphasized that once when an approximation of a function )(xf  by 
using generalised Fourier coefficients nβ  is found, it is not necessary to 
recompute these coefficients when the number of elements in a partial sum NS  
(1.10) is changed (e.g. for finding a better approximation by including more 
elements of series in summation). This is sometimes referred to as the principle 
of finality. 
 
1.2.4 Approximation on a discrete domain 

Consider that an approximated function )(xf  is defined by a table, i.e. by 
sampling values )( kk ff ξ=  in a finite set of K sampling points kξ . Generalised 
Fourier coefficients are [4]: 

1x
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),( 21 xxx
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2a

2b
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1b



1. Introduction to Approximation 35 

 

 

∑

∑

=

==
〉〈
〉〈= K

k

k
n

k

K

k

k
n

kk

nn

n
n

w

fw
f

1

2

1

])([ 

)( 

,
,

ξφ

ξφ

φφ
φβ . (1.74) 

Although approximation function ),(~ βxf  in the discrete case has the form equal 
to that in the continuous case (1.10), there is one crucial difference. By the K 
values )( kk ff ξ=  of function )(xf  in the K distinct sampling points kξ  it can 
be determined up to K generalised Fourier coefficients nβ  ( 1 ..., 1, ,0 −= Kn ). 
Coefficients nβ  ( Kn ≥ ) are assumed to be zero. 
 
Therefore, an approximation function ),(~ βxf  is restricted to the first K 
summands nnφβ  (i.e. 1 ..., ,1 ,0 −= Nn  and KN ≤ ). Using all N summands nnφβ  
turns the approximation into the interpolation (i.e. in that case kk ff =),(~ βξ  for 
all sampling points kξ ). 
 
In the case when a function )(xf  depends on M arguments Mxxx ,..., 21 , 
sampling points can be arranged in the form of mesh, as those shown in Fig. 1.4. 
 

 
Fig. 1.4. Example of a mesh of sampling points in the 2D space 
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In this case, a function )(xf  can be easily approximated with the series (1.71) of 
coordinate functions )(][

r
r

n x
r

φ  that can be grouped into the sets })({ 1
]1[

1
xnφ , 

})({ 2
]2[

2
xnφ , …, })({ ][

M
M

n x
M

φ . Each set of these functions )(][
r

r
n x

r
φ  (for particular r) 

are orthogonal with respect to the corresponding set of coefficients 
} ..., , ,{}{ ][][2][1][ rKrrrk rr wwww = , i.e. it is assumed that all sets of these 

coordinate functions satisfy the condition of orthogonality 
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Both sides of the series (1.71) can be multiplied by )( 1
1
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Mkw ξφ  and summed over indexes 11  ..., ,2 ,1 Kk = ; 22  ..., ,2 ,1 Kk = ; 

…; MM Kk  ..., ,2 ,1= . The result is a set of generalised Fourier coefficients 
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where ][]2[]1[... 2121 Mkkkkkk MM wwww ⋅⋅⋅= . Only the first MKKKK ⋅⋅⋅= 21  coeffici-
ents can be determined. Therefore, the approximation function ),(~ βxf  is restricted 
to the first K summands. 
 
1.2.5 Convergence of orthogonal series 

Orthogonal series (1.57) with generalised Fourier coefficients nβ  (1.70) or (1.74) 
corresponds to the function )(xf . But, it is a priori unknown if a partial sum NS  
(1.10) converges or even, when it does converge, does it converge to )(xf . In 
practice, convergence is assured if )(xf  and its first derivative )(xf ′  are 
piecewise continuous on a domain Ω . 
 
A function )(xf  is said to be piecewise continuous on a domain if  

(i) the domain can be divided into a finite number of subdomains in each of 
which )(xf  is continuous and 
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(ii) the limits of )(xf  as x approaches boundary of each subdomain are 
finite. 

Example of the piecewise continuous function )(xf  defined on an interval 
],[ ba  is shown on Fig. 1.5. On each subinterval the function )(xf  is continuous 

and the limits of the function )(xf  as x approaches endpoints of each subinterval 
are finite. 

 
Fig. 1.5. Example of piecewise continuous function on ],[ ba  

 
In other words, piecewise continuous function is the one that has at most a finite 
number of finite discontinuities [5]. 
 
1.3 LEAST-SQUARES APPROXIMATION 
 
The principles of least-squares7 is in minimising the integral of the squared 
approximation error 2]),(~)([ βxfxf −  (optionally multiplied by weighting 
function) over a given domain (in the approximation of continuous type), or in 
minimising the sum of the squared approximation error 2]),(~)([ βξξ kk ff −  
(optionally multiplied by weighting coefficients) over a discrete set of K distinct 
points kξ  (in the approximation of discrete type). 
                                                 
7 The principles of least-squares are independently discovered by German Carl Fridrich 
Gauss (1795), Frenchman Adrien-Marie Legendre (1805) and American Robert Adrian 
(1808). An early demonstration of the strength of the method came when it was used to 
predict the future position of the newly discovered asteroid Ceres in 1981. On January 1, 
1981, the Italian astronomer Giuseppe Piazzi discovered Ceres and was able to track its 
path 40 days before it was lost in the glare of the sun. The only predictions that 
successfully allowed Hungarian astronomer Franz Xaver von Zach to relocate the Ceres 
where those performed by the Gauss using least-squares analysis. 

)(xf

a b x  
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In a general case, a function 

 )( )()( xfxwxg =  (1.77) 

is approximated by an approximation function  

 ),(~ )(),(~
kk xfxwxg ββ = , (1.78) 

where )(xw  is a positive function (in trivial case 1)( =xw ) applied “as is” 
(without approximation). A function )(xf  is approximated with an 

approximation function ),(~ βxf . 
 
1.3.1 Least-squares on a continuous domain 

Approximation error is defined as 

  ),( )(]) ,(~)([ )() ,(~)( βββ xRxwxfxfxwxgxg =−=− . (1.79)  

If the functions )(xg  and )(xf  depend on the single argument x, the mean 
square error is defined on an interval ],[ ba  by 
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In the general case functions )(xg , )(xf , … can depend on M coordinates 

Mxxx ,..., 21  of a point ),...,,( 21 Mxxxxx = . For that reason it is convenient to define 
the mean square error on a domain Ω  (can be an interval, area, volume, etc.) as 
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 (1.81) 

The least-squares method consists in minimising the mean square error )(ms βE  
on a given domain Ω  by choosing adequate coefficients nβ . From the condition 
of extreme in the respect to the coefficients nβ  it follows 
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For an approximation function of linear type )(),(~ xxf nnn
φββ Σ=  and its derivative 
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it follows 
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This linear equation system can be expressed in the terms of weighted inner 
product on a continuous domain (1.59) as 
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Therefore, unknown coefficients nβ  can be found by solving linear equation 
system 
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determined with coefficients 
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 (1.87) 

Unfortunately, the linear equation system obtained by the least-squares method 
can be ill-conditioned so that its numerical solution (coefficients nβ ) can have 
intolerable error (see example at the end of Chapter 1.3.2). 
 
1.3.2 Least-squares on a discrete domain 

Let the approximated function )(xf  be defined by a table, i.e. by sampling 

values )( kk ff ξ=  on the finite set of K sampling points kξ . The mean square 
error is defined as a sum of weighted squared residuals on K sampling points kξ : 
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Weighting coefficients kw  are considered positive. 
 
From the condition of extreme in the respect to coefficients mβ   
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it follows 
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In the approximation of linear type, derivative of approximation function 
) ,(~ βξ kf  (1.4) at the point kξ  is 
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Substitution of this derivative into (1.90) gives linear equation system 
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whose solution are coefficients nβ  ( 1 ..., ,1 ,0 −= Nn , where KN ≤ ). 
 
This linear equation system can be expressed in the terms of the weighted inner 
product (1.67) on a discrete domain as 

  KNfNm mn
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φβφφ . (1.93) 

This linear equation system is the same as that obtained by the least-squares 
method on a continuous domain, but limited to KN ≤  equations. Therefore, 
the unknown coefficients nβ  can be found by solving linear equation system 
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n
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   )1 ..., ,0( β ,   KN ≤ , (1.94) 
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determined with coefficients 
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As in approximation on a continuous domain, coefficients nβ  found as a solution 
of linear equation system (1.94) can have intolerable error. Clearly, for the small 
values of N, say up to 6 or 7, experience indicates that a solution of (1.94) 
produces quite good least-squares approximation. But for the greater values of N, 
a solution found by solving (1.94) generally leads to the progressively poorer 
least-squares approximations [6]. An explanation of this can be found in the 
following example. 

Example 1.6. Ill-conditioned matrix in the least-squares approximation. 

Substitution of n
n xx =)(φ  and 1=kw  into (1.95) gives mnk

K

kmna +

=
Σ= )(

1
ξ . For 

convenience, it can be assumed that sampling points kξ  are all distributed 
uniformly on the interval [0,1] . For a large number of sampling points K the 
approximation 
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should be a good one. Let ][ mna=A  be a matrix of coefficients in (1.94) that 
can be approximated with K times the matrix HN, where 
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This matrix is the principal minor of order N of the so called infinite Hilbert 
matrix and represents classical example of an ill-conditioned matrix.  
 
A matrix is ill-conditioned if, when it has been normalised so that its largest 
element has order of magnitude 1 (as element in the first row and column of 
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matrix HN), its inverse has very large elements. For example, when 6=N , the 
inverse of H6 has elements of magnitude 6104 ⋅  [7]:  (1.98) 
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36

1
6

symmetric

H . 

When 10=N , the inverse of H10 has elements of magnitude 12103⋅ . The 
result of this is that any round-off error incurred in entering the coefficients of 
HN into the computer would result in an inverse matrix whose huge 
coefficients greatly magnify initial round-off errors making the final result 
useless. 

 
1.3.3 Least-squares with orthogonal functions 
Solving linear equation system (1.86) or (1.94) obtained by least-squares, can be 
avoided if the chosen family of functions )}({ xnφ  constitutes a set of orthogonal 
functions (Chapter 1.2). 
 
By using an orthogonal set of functions nφ , i.e. the functions that satisfy the 
condition of orthogonality (1.58) or (1.66), the coefficients mna  in (1.87) or 
(1.95) in linear equation system (1.86) or (1.94) obtained by the least-squares 
become 
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The solution of linear equation system (1.86) or (1.94), the coefficients nβ , 
become equal to generalised Fourier coefficients 〉〈〉〈= nnnn f φφφβ ,/,  (1.70) or 
(1.74) that have already been obtained by the orthogonal series expansion. 
Therefore, they are independent of a number of equations. 
 
For that reason, it is often said that approximation function ),(~ βxf  (1.4) as a 
partial sum ),( βxSN  (1.10) of the first N elements of orthogonal series, in which 

nβ  are generalised Fourier coefficients, is an approximation in the least-square 
sense or a least-square approximation of a function )(xf . 
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2. LEAST-SQUARES POLYNOMIAL 
    APPROXIMATION 
 
Due to its simplicity, a least-squares polynomial approximation is the most 
frequently used type of the least-squares approximations. It can be applied on a 
continuous domain and on a discrete domain. 
 
2.1 APPROXIMATION ON A CONTINUOUS DOMAIN 
 
Let the function )(xf  be approximated with the polynomial 

 ∑
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r
r xxf αα , (2.1) 

whose coefficients rα  are determined by the least-squares method, as it is 
described in this chapter. 
 
By analogy to (1.80), the mean square error is defined on an interval ],[ ba  as 
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From the condition of extreme in the respect to coefficients rα  it follows 
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or 
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This linear equation system can be expressed in the terms of weighted inner 
product on an interval ],[ ba : 
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as 
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Solution of this linear equation system are coefficients rα .  
 
As it is already outlined in Chapter 1.3.1, a linear equation system obtained by 
the least-squares method can be ill-conditioned and its numerical solution 
(coefficients rα ) can have intolerable error.  
 
To avoid solving the linear equation system (2.6), function )(xf  can be 
expanded into the series 
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of orthogonal polynomials 
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i.e., the polynomials whose coefficients nra  are determined by the orthogonality 
condition  
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with respect to some weighting function )(xw  on an interval ],[ ba .   
 
Orthogonal polynomials )(xpn  are a very important subclass of orthogonal 
functions. They are defined to be such that the n-th polynomial is of degree 
exactly n, and they naturally have all the properties of orthogonal functions plus 
the peculiarity of polynomials. 
 
The coefficients nβ   in expansion (2.7) are generalised Fourier coefficients that 
can be obtained by setting )()( xpx nn =φ  into (1.70) as  
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These coefficients can also be obtained by the least-squares method as it is 
described in Chapter 1.3. For that reason it is often said that the approximation 
function  
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defined as a partial sum of the first N elements containing the orthogonal 
polynomials )(xpn  with degree n up to 1−N , is the polynomial least-squares 
approximation of function )(xf . 
 
A special class of orthogonal polynomials are orthonormal polynomials. If the 
weighting function )(xw  is positive on an interval ],[ ba , possibly with the finite 
number of zeros, than the weighted inner product 

 ∫=〉〈
b

a
nnn xxpxwpp d ])([ )(, 2  (2.12)  

is positive and a set of orthogonal polynomials )}({ xpn  can be normalised  by 
dividing each polynomial )(xpn  with its norm [3]: 

 〉〈= nnn ppp , . (2.13)  
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The normalised polynomials 
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xpxp )()( =    (for each n), (2.14)  

are said to be orthonormal with respect to a weighting function )(xw  on an 
interval ],[ ba . These polynomials have the properties  

 mnnm pp δ=〉〈 , ,   1, =〉〈= nnn ppp , (2.15)  

where mnδ  represents the Kronecker’s delta symbol that is already defined in 
Chapter 1.2.1. 
 
Hence, if a function )(xf  is expanded into a series of orthonormal polynomials 
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the corresponding generalised Fourier coefficients are 
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Form of approximation function ),(~ βxf  (2.11) is not convenient for numerical 
manipulation. By substituting orthogonal polynomials )(xpn  (2.8) in approxima-
tion function ),(~ βxf  (2.11), it can be obtained 

 ∑∑ ∑∑ ∑
−

=

−

=

−

=

−

= =

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

1

0

1

0

11

0 0

 ),(~ N

r

r
r

N

r

r
nr

N

rn
n

N

n

n

r

r
nrn xxaxaxf αβββ . (2.18)  

Therefore, the approximation function ),(~ βxf  is polynomial of degree 1−N  
that can also be expressed in the form of ),(~ αxf  (2.1). Coefficients rα  can be 
calculated from coefficients nra  and nβ  as 
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βα . (2.19)  

They can be determined once for ever for the particular functions )(xf  and 
)(xw  defined on an interval ],[ ba  whose boundaries can be finite or infinite. 
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2.2 ORTHOGONAL POLYNOMIALS ON A CONTINUOUS 
      DOMAIN 
 
There are several polynomial family sets orthogonal with respect to different 
weighting functions )(xw  on a continuous interval, some of which are listed in Tab. 
2.1. The most important are Legendre polynomials, Chebyshev polynomials, 
Jacobi polynomials, Laguerre polynomials and Hermite polynomials.  

Tab. 2.1. Classical orthogonal polynomials on a continuous domain 

Name Symbol Domain Weighting function Chapter 

Legendre )(xPn  ]11,[−  1 2.2.3 

Associated Legendre )(xPk
n  ]11,[−  1 2.2.4 

Shifted Legendre )(* xPn  ]1,0[  1 2.2.6 

Chebyshev (1st kind) )(xTn  ]11,[−  21/1 x−  4.1 

Chebishev, shifted )(* xTn  ]1,0[  2/1 xx −  4.2 

Chebishev, 2nd kind )(xUn  ]11,[−  21 x−  4.4 

Jacobi )(xQn
αβ  ]11,[−  βα )1()1( xx +− , 1 , −>βα  2.2.9 

Ultraspherical 
or Gegenbauer )(xCn

α  ]11,[−  2/12 )1( −− αx , 2/1−>α  2.2.9 

Laguerre )(xLn  )[0,∞  xe−  2.2.10 

Laguerre, generalized )(xLn
α  )[0,∞  xex −α , 1−>α  2.2.11 

Hermite, probabilists’ )(xHn  ),( ∞−∞ 2/2xe−  2.2.12 

Hermite, phisicists’ )(xHn  ),( ∞−∞ 2xe−  2.2.12 

Zernike ),( ϕρm
nZ ± Unit 

disc 
2

2
2

1 xx +=ρ  2.3.1 

It is also possible to find a set of polynomials that are orthogonal with respect to 
an arbitrary weighting function )(xw  on an arbitrary interval ],[ ba . Due to its 
importance, some polynomials and related algorithms are described in the 
following chapters, as it is listed in Table 2.1. In addition, in Chapters 2.2.1 and 
2.2.2 two general algorithms are presented for generating polynomials orthogonal 
with respect to an arbitrary weighting function )(xw  on an arbitrary interval 

],[ ba . These two algorithms are based on different approaches, but they provide 
the same results. 
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2.2.1 Generating orthogonal polynomials 

For any weighting function )(xw , which is positive everywhere (except possibly 
in a finite set of points kς  where 0)( =kw ς ) and integralable on a closed 
interval ],[ ba , there exists a corresponding set of orthogonal polynomials [7].  
 
Let these orthogonal polynomials )(xpn  be standardised so that their leading 
coefficients have value 1 (i.e., that they have the form ...)( += n

n xxp ). The 
monomial nx  of order n  can be expanded with the first 1+n  orthogonal 
polynomials )(..., ),( ),( 10 xpxpxp n  by using the equation 

 )()(
1

0

xpxpx m

n

m
nmn

n ∑
−

=

+= γ . (2.20)  

Therefore, the orthogonal polynomial ...)( += n
n xxp , can be defined as 

 1   ,)()(
1

0

≥−= ∑
−

=

nxpxxp
n

m
mnm

n
n γ .  (2.21)  

To find coefficients nmγ , both sides of that equation can be multiplied by 
)()( xpxw r  and integrated over an interval ],[ ba : 

 

. d )()()(d  )()(         

d )()()(

1

0
∫∑∫

∫
−

=

−=

=

b

a
mr

n

m
nm

b

a

n
r

b

a
nr

xxpxpxwxxxpxw

xxpxpxw

γ
 (2.22)  

This can also be written in the terms of weighted inner products as 

 〉〈−〉〈=〉〈 ∑
−

=
mr

n

m
nm

n
rnr ppxppp ,,,

1

0

γ . (2.23)  

Due to presumed orthogonality condition (2.9), from (2.23) and for nr =  it can be 
obtained 

 〉〈=〉〈 n
nnn xppp ,,    or   〉〈=〉〈 r

rrr xppp ,, . (2.24)  

In addition, from (2.23) and for nr <  it follows 

 
〉〈
〉〈=

〉〈
〉〈= r

r

n
r

rr

n
r

nr xp
xp

pp
xp

,
,

,
,γ ,   1 ..., ,0 −= nr .  (2.25a)  
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It is convenient to replace index r with index m so that 

 
〉〈
〉〈=

〉〈
〉〈= m

m

n
m

mm

n
m

nm xp
xp

pp
xp

,
,

,
,γ ,   1 ..., ,0 −= nm .  (2.25b)  

Recursion starts with 

 

. ...  ,1    )()(

,
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,
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,

,
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,
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,  ,1    )()(

,
1,

,
1,

,

,1    1)(

1,22,2

1

0
,22

0,11,1

2
0,11,1

1

2
1

1¸2

0,0

2
0,0

0

2
0

0,2

0,00,10,11,100,11

0,0

0,0

0

0
0,1

0,00

==⇒−=

〉+〈
〉+〈

=
〉〈
〉〈=

〉〈
〉〈

=
〉〈
〉〈=
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〉〈
〉〈

=
〉〈
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∑
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xaxa

p
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a
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p
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a
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m
mmγ

γ

γ

γγ

γ

  (2.26)  

For the calculation of inner products 〉〈 n
m xp ,   and 〉〈 m

m xp ,  it is necessary to 
determine coefficients nra  of the orthogonal polynomials )(xpn  (2.8). 
Substitution of the orthogonal polynomial )(xpn  (2.8) into formula (2.21) gives 

 ∑ ∑∑
−

= ==

−=
1

0 00

n

m

m

r

r
mrnm

n
n

r

r
nr xaxxa γ .  (2.27)  

Since, 

 ∑ ∑∑ ∑
−
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−

=

−

= =
⎟⎟
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⎜⎜
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⎛
=

1
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n

r

r
n
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n
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m

r

r
mrnm xaxa γγ   (2.28)  

the equation (2.27) can be transformed into 

 0)1(
1

0

1

=⎟⎟
⎠

⎞
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⎝

⎛
++− ∑ ∑

−

=

−

=

n

r

r
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rm
mrnmnr

n
nn xaaxa γ .  (2.29)  

This equation is valid for any x only if the coefficients nra  of polynomials )(xpn  
)1( ≥∀n , which are supposed to be orthogonal, are 

 
.1 ..., ,1 ,0   ,

,1
1

−=−=

=

∑
−

=

nraa

a
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rm
mrnmnr

nn

γ
  (2.30)  
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It is now possible to calculate inner products 〉〈 n
m xp ,  and 〉〈 npf , . Note that the 

inner product 〉〈 m
m xp ,  is a special case of 〉〈 n

m xp , . By substituting )(xpn  (2.8) 
into inner products it can be obtained 
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 (2.31)  

To apply developed formulas, it is convenient to introduce auxiliary variables 

 

.,,

,d )( )(

,d )(

0
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r
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a
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 (2.32)  

Therefore, 
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γ

 (2.33)  

Complete procedure for determining coefficients nra  of orthogonal polynomials 
)(xpn , coefficients nβ  and coefficients rα  (2.19) is given in Algorithm 2.1. 

Obtained coefficients rα  define resultant approximation polynomial in the form 

r
r

N

r
xxf αα

1

0
),(~ −

=
Σ=  (2.1) that is the most suitable form for further numerical 

manipulation. 
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Algorithm 2.1. Coefficients rα  for the orthogonal polynomial approximation 
with an arbitrary weighting function )(xw  on a continuous interval [ ba, ] 

List of input variables: N, a, b,*w,*f  // “*”denotes pointers to )(xw  and )(xf  
List of output variables: rα              // “//” denotes the beginning of a comment 
// Polynomial 1)(0 =xp  
      10,0 =a  
       Calculate_and_store_integrals 0I , 0J                  // Equation (2.32) 
      00 Id =  
      000 / dJ=β  
// Polynomials )(1 xp , …, )(1 xpN −  
      for 1 ..., ,1 −= Nn  
          Calculate_and_store_integrals 12 −nI , nI2 , nJ  // Equation (2.32) 
          // Expansion of nx  into series of polynomials 0p , …, np  (2.20), (2.33)  
                for 1 ..., ,0 −= nm  

                   nrmr

m

rm
nm Ia

d +=
Σ=

0

1γ  

                endfor 
          // Coefficients nra  (2.30) of orthogonal polynomial )(xpn  (2.8)  
                for 1 ..., ,0 −= nr  

                   mrnm

n

rmnr aa γ
1−

=
Σ−=  

                endfor 
               1=nna  

          nrnr

n

rn Iad +=
Σ=

0
       // 〉〈= n

nn xpd ,  (2.32) 

          nrnr

n

rn dJa /
0=
Σ=β     // Generalised Fourier coefficients (2.33) 

      endfor 
// Calculating coefficients rα  of approximation polynomial ),(~ αxf  (2.1)  
      for 1 ..., ,0 −= Nr  

         nrn

N

rnr aβα
1−

=
Σ=           // Expression (2.19) 

      endfor 
end 
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2.2.2 Generating orthogonal polynomials by recursion 

Another, more usual method for generating orthogonal polynomials )(xpn  is the 
one using recurrence 

 1)(0 =xp ,  

 0)(1 =− xp , (2.34) 

 )()()()( 211 xpcxpbxxp nnnnn −−− −−= ,    1≥n , 

where nb  and nc  ( ... ,2 ,1=n ) are constants that have to be determined. So 
defined polynomials are standardised by the condition ...+= n

n xp (leading 
coefficient has value 1). 
 
Recursion formula (2.34) can be multiplied by )()( xpxw m  and integrated over 
an interval ],[ ba  to obtain 

 

.d )()()(d )()()(   

d )()()(d )()()(
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b

a
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a
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b

a
nm

b

a
nm

xxpxpxwcxxpxpxwb

xxpxxpxwxxpxpxw

 (2.35) 

This recursion formula can be expressed in the terms of the weighted inner 
products 

 〉〈−〉〈−〉〈=〉〈 −−−− 2111 ,,,, nmnnmnnmnm ppcppbpxppp ,     1≥n . (2.36) 

In the first step, such polynomial )(1 xp  that is orthogonal to 1)(0 =xp  will be 
found from the condition that 0, 10 =〉〈 pp . For 1=n  and 0=m , the recursion 
formula (2.36) gives 

 
4342143421

0

10000100

0

10 ,,,, 〉〈−〉〈−〉〈=〉〈 −ppcppbpxppp , (2.37) 

where 00,, 010 =〉〈=〉〈 − ppp . Since constant 0c  is multiplied by zero, it can take 
any finite value. The most convenient one is 00 =c . In addition, due to 
prescribed orthogonality, the 0, 10 =〉〈 pp .  
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Therefore, 
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1,1
1,

0

00

00
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〉〈
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〉〈=

c

pp
pxpxb

 (2.38)  

In the second step, such polynomial )(2 xp  that is orthogonal to )(1 xp  and 
)(0 xp  will be found from the conditions that 0, 20 =〉〈 pp  and 0, 21 =〉〈 pp . For 

2=n  and 1 ,0=m , the recursion (2.36) gives two equations 

 
.,,,,

,,,,,

01111211
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〉〈−〉〈−〉〈=〉〈

〉〈−〉〈−〉〈=〉〈

ppcppbpxppp

ppcppbpxppp

43421

43421

 (2.39) 

In addition, the polynomial 1p  defined by the coefficients 1b  and 0c  (2.38) is 
orthogonal to the polynomial 0p  and satisfies the condition 0,, 0110 =〉〈=〉〈 pppp ; 
thus, from the equations (2.39) follow 
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,
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pp
pxpc

pp
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 (2.40)  

Suppose that polynomials )(0 xp  to )(xpn  are orthogonal, so that they satisfy 
orthogonality conditions 

 
,0,...,,0,,0,

,0,...,,0,,0,

110

121110

=〉〈=〉〈=〉〈

=〉〈=〉〈=〉〈

−

−−−−

nnnn

nnnn

pppppp

pppppp
 (2.41)  

or shortly1 

 
.1 ..., 1, ,0,0,

,2 ..., 1, ,0   ,0, 1

−==〉〈

−==〉〈 −

njpp

njpp

nj

nj
 (2.42)  

                                                 
1 In general 0, =〉〈 kj pp  for nkj ≤< . 
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It is now desired to find coefficients 1+nb  and nc  that determine polynomial  

 )()()()( 111 xpcxpbxxp nnnnn −++ −−= , (2.43)  

which has to satisfy the orthogonality condition 

 njpp nj  ..., ,1 ,0   ,0, 1 ==〉〈 + . (2.44)  

First of all, it will be verified that equation (2.44) is valid for 2 .., ,0 −= nj , 
because of the orthogonality conditions (2.42). After that, such coefficients 1+nb  
and nc  will be found that satisfy equation (2.44) for 1−= nj  and nj = . 
 
From the recursion formula (2.36), from the orthogonality conditions (2.42) and 
for the 2 .., ,0 −= nj , it follows 

 
4342143421

0

1

0

11 ,,,, 〉〈−〉〈−〉〈=〉〈 −++ njnnjnnjnj ppcppbpxppp . (2.45)  

Term jxp  is a polynomial of degree 1+j  no greater than 1−n , thus it can be 

expressed as a linear combination of the polynomials )(xpr  ( 1 ..., ,0 −= nr ) 

 ∑
+

=
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)()(
j

r
rrj xpxxp γ . (2.46)  

Therefore, according to (2.45), for 2 ..., ,0 −= nj , it follows 

 0,,,
1

0 0

1 =〉〈′=〉〈=〉〈 ∑
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=
+

j

r
nrrnjnj pppxppp
43421

γ . (2.47)  

Hence, orthogonality condition 0, 1 =〉〈 +nj pp  (2.44) is satisfied for 
2 ..., ,0 −= nj , as it was expected.  

 
Two remainder orthogonality conditions (2.44), those for nj =  and 1−= nj :  
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 (2.48)  
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are satisfied by 
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 (2.49)  

Formula (2.49) for determining the coefficients nc  can be improved. From 
〉〈=〉〈 −− 11 ,, nnnn pxppxp  and from recursion formula (2.36) (and nm = ), written 

in the form 

 
4342143421

0

21

0

11 ,,,, 〉〈+〉〈+〉〈=〉〈 −−−− nnnnnnnnnn ppcppbpppxp , (2.50)  

follows the improved expression for calculating coefficients 
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−− 11,

,

nn

nn
n pp

ppc . (2.51)  

This improvement consists in using the inner product 〉〈 −− 11, nn pp  already 
determined when previous coefficient 〉〈〉〈= −−−−− 22111 ,/, nnnnn ppppc  has been 
calculated. 
 
For the calculation of inner products it is necessary to determine coefficients nra  
of the orthogonal polynomials )(xpn  (2.8). The coefficients nra  of orthogonal 
polynomials 1)(0 =xp  and 11 )( bxxp −=  are 
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 (2.52)  

By substitution of orthogonal polynomial )(xpn  (2.8) into recursion formula 
(2.34) it can be obtained 
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Since 
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it follows 
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nr xacxabxaxan . (2.55)  

By separation of coefficients, the coefficients nra  )2( ≥∀n  can be calculated by 
recursion 
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 (2.56)  

It is now possible to calculate inner products 〉〈 npf , , 〉〈 nn pp ,  and 〉〈 nn pxp , . 
Inner products 〉〈 npf ,  and 〉〈 nn pp ,  are already defined by (2.31) and (2.32). By 
substituting )(xpn  (2.8) into inner product 〉〈 nn pxp ,  it can be obtained 
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nsnrnn xxxwaapxp  (2.57)  

To apply developed formulas, it is convenient to introduce variables kI , rJ , nd  
and nβ  already defined by (2.32) and (2.33). Therefore, according to (2.49) and 
(2.51) the coefficients  
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 (2.58)  

can be calculated. 
 
Complete procedure for determining coefficients nra  of orthogonal polynomials, 
coefficients nβ  and coefficients rα  (2.19) is given in Algorithm 2.2. Obtained 
coefficients rα  define resultant approximation polynomial ),(~ αxf  (2.1) in the 
form that is the most suitable form for further numerical manipulation. 
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Algorithm 2.2. Coefficients rα  for the orthogonal polynomial approximation 
on a continuous interval [ ba, ] by using recursion formula (2.34) 

List of input variables:  N,a,b,*w,*f   // “*”denotes pointers to )(xw  and )(xf  
List of output variables: rα             // “//” denotes the beginning of a comment 
// Polynomial 1)(0 =xp  
      10,0 =a  
       Calculate_and_store_integrals 0I , 0J               // Equation (2.32) 
      00 Id = ; 000 / dJ=β                                           // Equation (2.33) 
// Polynomial 11 )( bxxp −=  
       Calculate_and_store_integrals 1I , 2I , 1J         // Equation (2.32) 
      011 / dIb =  
      11,1 =a ; 10,1 ba −=  
      210,11 IIad += ; 1100,11 /)( dJJa +=β                // Equation (2.33) 
// Polynomials )(2 xp , …, )(1 xpN −  
      for 1 ..., ,2 −= Nn  
          Calculate_and_store_integrals 12 −nI , nI2 , nJ          // Equation (2.32) 

         11,1,1

1

0

1

0
/ −++−−

−

=

−

=
ΣΣ= nsrsnrn

n

s

n

rn dIaab ; 211 / −−− = nnn ddc  // Equation (2.58) 

         // Coefficients nra  (2.56) of )(xpn  (2.8) 
              0,210,10, −−− −−= nnnnn acaba  
              for 2 ..., ,1 −= nr  
                 rnnrnnrnnr acabaa ,21,11,1 −−−−− −−=  
              endfor 
              1,12,11, −−−−− −= nnnnnnn abaa ; 1,1 −−= nnnn aa  

         nrnr

n

rn Iad +=
Σ=

0
; nrnr

n

rn dJa /
0=
Σ=β   // Generalised Fourier coeff. (2.33) 

      endfor 
// Calculating coefficients rα  of approximation polynomial ),(~ αxf  (2.1) 
      for 1 ..., ,0 −= Nr  

         nrn

N

rnr aβα
1−

=
Σ=                                                             // Equation (2.19) 

      endfor 
end 
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2.2.3 Legendre polynomials 

Polynomials )(xPn  ( ... ,2 ,1 ,0=n ) that are orthogonal with respect to the unit 
weighting function 1)( =xw  on the interval ]1,1[−  and standardised with the 
condition 1)1( =nP , are called Legendre polynomials2.  
 
They are given by Rodrigue's formula 
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 (2.59) 

and by explicit expression3 [8]: 
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that yields to 
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 (2.61)  

The general recursion relation is 

 )(1)(12)(   )1( 21 xP
n

nxxP
n

nxPn nnn −−
−−−=≥∀ , (2.62) 

starting with 1)(0 =xP . 

                                                 
2 The general solution of  Legendre's differential equation 0)1(2)1( 2 =++′−′′− ynnyxyx  
for ... ,3 ,2 ,1 ,0=n  is linear combination nn QcPcy 21 +=  of Legendre polynomials nP  

and Legendre functions of the second kind ∑
=

−−−
−
+=

n

k
knknn PP

kx
xPQ

1
1

1
1
1ln

2
 1  for 1|| <x . 

3 )2/int(n  means integer part of 2/n . 
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Example 2.1. First few Legendre polynomials are 
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 (2.63) 

Plots of few Legendre polynomials are presented on Fig. 2.1. 
 

 
Fig. 2.1. Plot of few Legendre polynomials 
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Due to their orthogonality, the Legendre polynomials satisfy the expression 
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Other properties of Legendre polynomials: 

 1. All roots are real and placed on the interval ]1,1[− , 
 2. 1)1( =nP  and n

nP )1()1( −=− ,  
 3. ( ) )(1)( xPxP n

n
n −=− . 

 4. Monomials nx  are orthogonal to the Legendre polynomials, i.e. 
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2.2.4 Associated Legendre polynomials 

Polynomials defined in terms of the Legendre polynomials )(xPn  by 

 ),()1()( 2/2 xP
dx
dxxP nk

k
kk

n −=    ... 2, ,1=k , (2.66) 

are called associated Legendre polynomials4. The general recursion relation is 

 )(1)(12)(   )2( 21 xP
n

nxxP
n

nxPn k
n

k
n

k
n −−

−−−=≥∀ . (2.67) 

Note that order of the polynomial )(xPk
n  is kn − . If kn <  the polynomial 

)(xPk
n  does not have negative order, it is equal to zero (i.e. 0)( =xPk

n , kn < ). 

                                                 
4 The general solution of Legendre's associated differential equation +′−′′− yxyx 2)1( 2  

0])1/()1([ 22 =−−++ yxknn  (obtained from Laplace's differential equation expressed in 
spherical coordinates), where n and k are nonnegative integers, is linear combination 

)()( 21 xQcxPcy k
n

k
n +=  of associated Legendre polynomials k

nP  and associated Legendre 
functions of the second kind k

n
kkk

n dxQdxQ /)1( 2/2−= . 
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Like Legendre polynomials, set of polynomials )(xPk
n  for the particular k are 

also orthogonal with respect to the unit weighting function 1)( =xw  on the 
interval ]1,1[− , i.e. 
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 (2.68) 

 
2.2.5 Approximation with Legendre polynomials 

Let function )(xf  be approximated on the interval ]1,1[−  with approximation 
function 

 ,11    ,)(),(~ 1
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≤≤−=∑
−

=

xxPxf
N

n
nnββ   (2.69) 

by using Legendre polynomials )(xPn . Generalised Fourier coefficients nβ  can 
be obtained by substituting )()( xPxp nn =  into expression (2.10) as 
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By substituting Legendre polynomials 
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r
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−
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into the inner product 〉〈 nPf ,  it can be obtained 
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By substituting polynomials )(xPn  (2.71) into approximation function ),(~ βxf  it 
can be expressed in the form of polynomial ),(~ αxf  (2.1) of degree 1−N  which 
is determined with coefficients rα   (2.19). 



62 Numerical Methods III, Approximation of Functions 

 

Coefficients nra  can be obtained by substituting polynomial )(xPn  (2.71) into 
recursion formula (2.62): 
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By rearranging summation 
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it can be obtained 

 ∑∑∑
−

=
−

=
−−

=

−−−=≥∀
2

0
,2

1
1,1

0

112   )2(
n

r

r
rn

n

r

r
rn

n

r

r
nr xa

n
nxa

n
nxan . (2.75) 

Coefficients nra  are independent of x; thus, from (2.75) follow 
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To apply developed formulas, it is convenient to introduce variable 

 ∫
−

=〉〈=
1

1

d  )(, xxxfxfJ rr
r . (2.77) 

Therefore, 

 ∑
=+

=
n

r
rnrn Ja

n 012
2β . (2.78) 

Procedure for calculating coefficients nra  of Legendre polynomials )(xPn , 
generalised Fourier coefficients nβ  and coefficients rα  (2.19) of resultant 
approximation polynomial ),(~ αxf  (2.1) is given in Algorithm 2.3.  
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Algorithm 2.3. Coefficients rα  in the Legendre polynomial approximation  

List of input variables:  N, *f        // “*” denotes pointer to )(xf  
List of output variables: rα           // “//” denotes the beginning of a comment 

// Polynomial 1)(0 =xP  
      10,0 =a  

      ∫−=
1

10 d )( xxfJ                          // Equation (2.77) 

      00 2J=β                                     // Equation (2.78) 

// Polynomial xxP =)(1  
      11,1 =a ; 00,1 =a  

      ∫−=
1

11 d  )( xxxfJ                        // Equation (2.77) 

      3/2 11 J=β                                  // Equation (2.78) 

// Polynomials )(2 xP , …, )(1 xPN −  
      for 1 ..., ,2 −= Nn  

         // Calculate coefficients nra  (2.76) of )(xPn  (2.71)  
              nana nn /)1( 0,20, −−−=  
              for 2 ..., ,1 −= nr  
                 nanana rnrnnr /))1()12(( ,21,1 −−− −−−=  
              endfor 
             nana nnnn /)12( 2,11, −−− −= ; nana nnnn /)12( 1,1 −−−=  

              ∫−=
1

1
d  )( xxxfJ n

n      // Equation (2.77) 

              r

n

r
nrn Ja

n ∑
=+

=
012

2β    // Generalised Fourier coefficient (2.78) 

      endfor 

// Calculating coefficients rα  of approximation polynomial ),(~ αxf  (2.1)  
      for 1 ..., ,0 −= Nr  

         nr

N

rn
nr a∑

−

=

=
1

βα                                                            // Equation (2.19) 

      endfor 
end 
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2.2.6 Shifted Legendre polynomials 

It is often convenient to use the interval [0,1]  instead of the interval 1,1][− . The 
polynomials )(* xPn  ( ... ,2 ,1 ,0=n ) that are orthogonal with respect to the unit 
weighting function 1)( =xw  on the interval ]1,0[  and standardised with 

condition 1)1(* =nP , are called shifted Legendre polynomials. All expressions 
related to the ordinary Legendre polynomials can be adapted by substitution 
 12 −→ xx . (2.79)  
The general recursion relation is 
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starting with 1)(*
0 =xP . 

 

Example 2.2. First few shifted Legendre polynomials are [9]: 
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Due to their orthogonality, shifted Legendre polynomials satisfy expression 
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2.2.7 Approximation with shifted Legendre polynomials 

Let a function )(xf  be approximated on the interval ]1,0[  with approximation 
function 
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by using shifted Legendre polynomials )(* xPn . Generalised Fourier coefficients 
*
nβ  can be obtained by substituting )()( * xPxp nn =  into expression (2.10) as 
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By substituting shifted Legendre polynomials 
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into inner product 〉〈 *, nPf  it can be obtained 
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By substituting polynomials )(* xPn  (2.85) into (2.83), the approximation 
function ),(~ *βxf  can be expressed in the form of polynomial ),(~ αxf  (2.1) of 
degree 1−N  which is determined with coefficients rα  (2.19). 
 
Coefficients *

nra  can be obtained by substituting polynomial )(* xPn  (2.85) into 
recursion formula (2.80): 
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By rearranging summation 
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it can be obtained 
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Coefficients *
nra  are independent of x; thus, from (2.89) follows 

 

.122

),2(12

,1)2(12   )2 ..., ,1(

,112

*
1,1

*

*
1,1

*
2,1

*
1,

*
,2

*
,1

*
1,1

*

*
0,2

*
0,1

*
0,

−−

−−−−−

−−−−

−−

−=

−−=

−−−−=−=∀

−−−−=

nnnn

nnnnnn

rnrnrnnr

nnn

a
n

na

aa
n

na

a
n

naa
n

nanr

a
n

na
n

na

 (2.90) 

To apply developed formulas, it is convenient to introduce variable 

 ∫=〉〈=
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* d  )(, xxxfxfJ rr
r . (2.91) 

Therefore, 
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rnrn Ja
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***

12
1β . (2.92) 

The procedure for calculating coefficients *
nra  of shifted Legendre polynomials 

)(* xPn , generalised Fourier coefficients *
nβ  and coefficients rα  (2.19) of 

resultant approximation polynomial ),(~ αxf  (2.1) is given in Algorithm 2.4.  
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Algorithm 2.4. Coefficients rα  in the approximation with shifted Legendre 
polynomials 
List of input variables:  N, *f           // “*” denotes pointer to )(xf  
List of output variables: rα              // “//” denotes the beginning of a comment 
// Polynomial 1)(*

0 =xP  
      1*

0,0 =a  

      ∫=
1

0

*
0 d )( xxfJ                          // Equation (2.91) 

      *
0

*
0 J=β                                     // Equation (2.92) 

// Polynomial 12)(*
1 −= xxP  

      2*
1,1 =a ; 1*

0,1 −=a  

      ∫=
1

0

*
1 d  )( xxxfJ                        // Equation (2.91) 

      3/)2( *
0

*
1

*
1 JJ −=β                      // Equation (2.92) 

// Polynomials )(*
2 xP , …, )(*

1 xPN −  
      for 1 ..., ,2 −= Nn  
         // Calculate coefficients *

nra  (2.90) of )(* xPn  (2.85)  
              nannana nnn /)1(/)12( *

0,2
*

0,1
*

0, −− −−−−=  
              for 2 ..., ,1 −= nr  
                 nanaana rnrnrnnr /))1()2)(12(( *

,2
*

,1
*

1,1
*

−−−− −−−−=  
              endfor 
              naana nnnnnn /)2)(12( *

1,1
*

2,1
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1, −−−−− −−= ; nana nnnn /)12(2 *
1,1

*
−−−=  

              ∫=
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* d  )( xxxfJ n
n       // Equation (2.91) 

              **

0

*

12
1

rnr

n

rn Ja
n =

Σ
+

=β    // Generalised Fourier coefficient (2.92) 

      endfor 
// Calculating coefficients rα  of approximation polynomial ),(~ αxf  (2.1)  
      for 1 ..., ,0 −= Nr  

         **
1

nrn

N

rnr aβα
−

=
Σ=                                                            // Equation (2.19) 

      endfor 
end 
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2.2.8 Other use of Legendre polynomials 

Legendre polynomials can also be used in finding some other sets of orthogonal 
functions, e.g. by substitution 

 θcos=x . (2.93) 

Since 

 θθθ d sincosdd −==x , (2.94) 

from (2.64) follows that functions )(cos)( θθ nn PV =  ( ... ,2 ,1 ,0=n ) are 
orthogonal with respect to the weighting function θθ sin)( =w  on the interval 

],[ ππ− , i.e. functions )(θnV  satisfy condition of orthogonality 
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By substituting θcos=x  (2.93) into (2.63) it can be obtained: 
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 (2.96)  

The similar orthogonal sets of functions can be obtained by various substitutions.  
For example, substitution yx arccos1

π=  leads to the Chebyshev polynomials 

)arccoscos()( ynyTn =  that are described in Chapter 4.  
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2.2.9 Jacobi polynomials 
Polynomials )(xQn

αβ  ( ... ,2 ,1 ,0=n ; 1−>α ; 1−>β ) that are orthogonal with 
respect to the weighting function 
 βααβ )1()1()( xxxw +−=  (2.97) 

on the interval ]1,1[− , are called Jacobi polynomials [10, 11]. They are given by 
Rodrigue's formula 
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and by explicit expression5 
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The Jacobi polynomials satisfy recurrence relation 
 ),()()()(   )2( 21 xQCxQBxAxQn nnnnnn
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where 
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Example 2.3. First few Jacobi polynomials are  
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5 Jacobi polynomials are also solutions of differential equation −−+′′− αβ()1( 2 yx  

0)1())2( =++++′++− ynnyx βαβα . 
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Due to their orthogonality, Jacobi polynomials satisfy expressions6 
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 (2.103) 

The polynomials have symmetry relation 

 )()1()( xQxQ n
n

n
βααβ −=− . (2.104) 

Values of polynomials at endpoints of the interval ]1,1[− : 
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are independent of α  or β  respectively. 
 
Jacobi series 

 ∑
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has coefficients 
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Herein 
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6 )(nΓ  is the gamma function (see Appendix B.1). 
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In the special cases, when α  and β  take some characteristic values, the Jacobi 
polynomials become ultraspherical polynomials ( βα = ), Legendre polynomials 
( 0== βα ), Chebyshev polynomials ( 2/1−== βα ) and Chebyshev 
polynomials of the second kind ( 2/1== βα ). According to usual symbols used 
in denoting these polynomials (see Table 2.1), there are 
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Constants na′  and na ′′  adjust polynomials 2/1−
nC  and 2/1

nC  to get Chebyshev 
polynomials nT  and nU  in standardised form.    
 
Therefore, ultraspherical polynomials are a subclass of Jacobi polynomials, while 
Legendre and Chebyshev polynomials are subclasses of ultraspherical 
polynomials. 
 

Example 2.4. First few ultraspherical, Legendre and Chebyshev polynomials: 
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Procedure for calculation of generalised Fourier coefficients nβ  can be 
developed by substituting Jacobi polynomials expressed in the form 

 0,1,
1

1,
0

... nn
n

nn
n

nn

n

r

r
nrn axaxaxaxaQ ++++== −

−
=
∑αβ   (2.113) 

into the inner product 〉〈 αβ
nQf , . The result is 
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To apply developed formulas, it is convenient to introduce variables 
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Therefore, 
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For the calculation of the generalised Fourier coefficients nβ , it is necessary to deter-
mine coefficients nra  of the Jacobi polynomials )(xQn

αβ . The coefficients nra  of 
the first two Jacobi polynomials 1)(0 =xQαβ  and +++= 2/)2()(1 xxQ βααβ  

)/2( βα −+  are 
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 (2.118)  

Substitution of polynomials αβ
nQ  (2.113) into recursion formula (2.100) gives 
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By rearranging summation 
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it can be obtained 
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Coefficients nra  are independent of x; thus, from (2.121) follows 
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 (2.122) 

Procedure for calculating coefficients nra  of Jacobi polynomials )(xQn
αβ , 

generalised Fourier coefficients nβ  and coefficients rα  (2.19) of resultant 
approximation polynomial ),(~ αxf  (2.1) is given in Algorithm 2.5.  
 

Algorithm 2.5. Coefficients rα  in the Jacobi polynomial approximation 

List of input variables: α , β , N, *f , *w // “*”denotes pointers to )(xf , )(xw  
List of output variables: rα                       // “//” = beginning of a comment 

// Polynomial 1)(0 =xQαβ  
      10,0 =a  
      Calculate 0d , 0J                                // Equations (2.115) and (2.116) 
      000 / dJ=β                                        // Equation (2.117)  

// Polynomial ]/2)1)(2()1(2[)(1 −++++= xxQ βαααβ  
      )/2(0,1 βα −=a  
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      2/)2(1,1 ++= βαa  
      Calculate 1d , 1J                                // Equations (2.115) and (2.116) 
      111,100,11 /)( dJaJa +=β                    // Equation (2.117) 

// Polynomials )(2 xQαβ , …, )(1 xQN
αβ
−  

      for 1 ..., ,2 −= Nn  
 
         // Calculating coefficients nra  of )(xQn

αβ  by using recursion (2.100)  

              

)22)((
)2)(1)(1(

)22)((2
)12)()((

)(2
)2)(12(

−++++
++−+−+=

−++++
−++−+=

++
++−++=

βαβα
βαβα

βαβα
βαβαβα

βα
βαβα

nnn
nnnC

nnn
nB

nn
nnA

n

n

n

     // Equations (2.101)   

              0,20,10, −− −−= nnnnn aCaBa  
              for 2 ..., ,1 −= nr  
                 rnnrnnrnnnr aCaBaAa ,2,11,1 −−−− −−=        // Equation (2.122) 
              endfor 
              1,12,11, −−−−− −= nnnnnnnn aBaAa  
              1,1 −−= nnnnn aAa  

              Calculate nd , nJ                       // Equations (2.115) and (2.116) 

              n

n

r
rnrn dJa /

0
∑
=

=β                      // Equation (2.117) 

      endfor 

// Calculating coefficients rα  of approximation polynomial ),(~ αxf  (2.1)  
      for 1 ..., ,0 −= Nr  

         nr

N

rn
nr a∑

−

=

=
1

βα                                 // Equation (2.19) 

      endfor 
end 
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2.2.10 Laguerre polynomials 

Polynomials )(xLn  ( ... ,2 ,1 ,0=n ) that are orthonormal with respect to the 
weighting function xexw −=)(  on the interval ),0[ ∞  are called Laguerre 
polynomials. They satisfy orthogonality condition 

 nmmn
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d)()(, . (2.123) 

The Laguerre polynomials are given by Rodrigue's formula7 
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or by explicit formula 
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The general recursion relation is 

 )(1)(12)(   )1( 21 xL
n
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−−−−=≥∀ , (2.126) 

starting with 1)(0 =xL . 

Example 2.5. First few Laguerre polynomials are  
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7 The Laguerre polynomials satisfy the differential equation 0)1( =+′−+′′ nyyxyx . 
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2.2.11 Generalised Laguerre polynomials 

Polynomials )()( xLn
α  ( ... ,2 ,1 ,0=n ) that are orthogonal with respect to the 

weighting function xexxw −= α)(  ( 1−>α ) on the interval ),0[ ∞ , are called 
generalised Laguerre polynomials. Sometimes, they are also called associated 
Laguerre polynomials. They satisfy orthogonality condition8 
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The generalised Laguerre polynomials are given by Rodrigue's formula 
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or by explicit formula 
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The general recursion relation is 
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starting with 1)()(
0 =xL α . 

 
The simple Laguerre polynomials are identical to generalised one for 0=α , i.e. 

 )()()0( xLxL nn = . (2.132) 

Example 2.6. First few generalised Laguerre polynomials are  
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8 Gama function )(xΓ  is described in Appendix A. 

(2.133)
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2.2.12 Hermite polynomials 

There are two types of Hermite polynomials: 

a) physicists’ Hermite polynomials, classical polynomials in physics, 
where they are used mostly in analyses of the eigenstates and the 
quantum harmonic oscillator, and 

b) probabilists’ Hermite polynomials, classical orthogonal polynomials 
sequences that arise in probability and in combinatorics. 

They are named in the honour of Charles Hermite.  
 
The physicists’ Hermite polynomials are orthogonal with respect to the 
weighting function 

2
)( xexw −=  on the interval ),( ∞−∞  and standardised with 

condition ...2)( += nn
n xxH (leading coefficient of polynomials has value n2 ). 

They are given by Rodrigue's formula9 
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They can be also defined by generalised Laguerre polynomials as 
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 (2.135) 

or with explicit expressions 
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 (2.136) 

The general recursion relation is 

 )()1(2)(2)(   )1( 21 xHnxxHxHn nnn −− −−=≥∀ , (2.137) 

starting with 1)(0 =xH . 
 

                                                 
9 The physicists Hermite polynomials are solution of the Hermite differential equation 

022 =+′−′′ nyyxy . 
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Example 2.7. First few physicists’ Hermite polynomials are 
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Due to their orthogonality, physicists’ Hermite polynomials satisfy the 
expression 
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Other important properties of physicists’ Hermite polynomials10: 

 )(2)( 1 xnHxH nn −=′ , (2.140) 
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The probabilists’ Hermite polynomials are orthogonal with respect to the 
weighting function 2/2

)( xexw −=  on the interval ),( ∞−∞  and standardised with 
condition ...)( += n

n xxH (leading coefficient of polynomials has value 1).  
 
That convention is often preferred by probabilists because π2/2/2xe−  is 
probability density function for the normal distribution with expected value 0 and 
standard deviation 1. 
Probabilists’ Hermite polynomials are given by Rodrigue's formula11 
                                                 
10 Functions 〉〈= )(),(/)()()( xHxHxwxHx nnnnψ  generated from physicists’ Hermite 
polynomials are known as Hermite functions. Since these functions contain square root of 
weighting function )(xw  and have been scaled appropriately by 〉〈 )(),( xHxH nn , 
they are orthonormal. The Hermite functions satisfy differential equation +′′ )(xnψ  

0)()12( 2 =−++ xxn nψ . This equation is equivalent to Schrödinger equation of a 
harmonic oscillator in a quantum mechanics, so these functions are eigenfunctions.   

(2.138)
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n e
dx
dexH −−= . (2.142) 

The general recursion relation is 

 )()1()()(   )1( 21 xHnxxHxHn nnn −− −−=≥∀ , (2.143) 

starting with 1)(0 =xH . 
 

Example 2.8. First few probabilists’ Hermite polynomials are  
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Due to their orthogonality, probabilists’ Hermite polynomials satisfy the expression 
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Other properties of probabilists’ Hermite polynomials: 

 )()( 1 xnHxH nn −=′ , (2.146) 
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11 The probabilists’ Hermite polynomials are also solution of differential equation  

0 
d
d

d
d 2/2/ 22

=+⎟
⎠
⎞

⎜
⎝
⎛ −− yeny

x
e

x
xx , where n is a constant, with the boundary condition that 

y should be polynomially bounded to infinity. With that boundary condition, the equation 
has a solution only if n is a positive integer and is uniquely given by )()( xHxy n= . 

(2.144)
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Generalisation of Hermite polynomials. The probabilistics’ Hermite 
polynomials defined above are orthogonal with respect to the standard normal 
probability distribution, whose density function π2/2/2xe− , has expected value 
0 and variance 1=α . Generalised Hermite polynomials can be defined as 
polynomials )(][ xHn

α  of arbitrary variance α . These are orthogonal with respect 
to the normal probability distribution whose density function is 
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They are given by 
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where )()(]1[ xHxH nn ≡  are probabilists’ Hermite polynomials. The physicists’ 
Hermite polynomials are 

  )2(2)( ]1[2//2]1[ xHxH n
n

n = . (2.150)  

The important properties of Hermite polynomials in generalised form are 
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Hermite polynomials with negative variance are denoted as )(][ xHn
α− . For 

0>α , the coefficients of  )(][ xHn
α−  are just the absolute values of the 

corresponding coefficients of )(][ xHn
α . These arise as a moment of normal 

probability distributions. The nth moment of the normal distribution with 
expected value μ  and variance 2σ  is 

 )()( ][ 2
μσ−= n

n HXE , (2.153) 

where X is a random variable with the specified normal distribution.   
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2.3 MULTIPLE POWER SERIES 
 
The idea of least-squares power series expansion for a function of single variable 
x can be extended to the case of functions of two or more variables: 1x , 2x , …, 

Mx . For example, function ),()( 21 xxfxf =  of two variables 1x  and 2x  can be 
approximated by the polynomial 
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where 1N  is constant, while 2N  can be either constant or a function of )( 12 rN  
(e.g. 1112 )( rNrN −= ). Coefficients 

21rrα  can be determined by the least-squares 
method.  
 
By analogy to (1.81), the mean square error is defined on a two dimensional 
domain Ω  as 
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 (2.155) 

From the condition of extreme in respect to the coefficients 
21rrα  it follows 
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or 
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This linear equation system can be expressed in the terms of the weighted inner 
product on a continuous domain Ω : 
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 ∫
Ω

Ω=〉〉〈〈 )(d )( )( )(, xxxxw ψφψφ  (2.158)  

as12 
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Solution of this linear equation system are coefficients 
21rrα .  

 
As it is already outlined in Chapter 1.3.2, the linear equation system (2.159) can 
be ill-conditioned and its numerical solution (coefficients 

21rrα ) can have 
intolerable error.  
 
In general, monomials 21
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rr xx  can be expressed as a sum of polynomials 
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Therefore, function )(xf  that can be expanded into series of monomials 21
21
rr xx , 

can also be expand into the series of polynomials 
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To avoid solving the linear equation system (2.159), the used polynomials  
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have to be orthogonal, i.e., their coefficients [ ]1
11rna  and [ ]2

22rna  have to be 
determined by the orthogonality condition  

                                                 
12 Double brackets 〉〉〈〈  ...  are used to denote the weighted inner product on a two- 
-dimensional domain and to distinct it from the inner product on the interval. 
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with respect to some weighting function )),(()( 21 xxxwxw =  on a domain Ω .  
 
Herein, an integral over a domain Ω  can be expressed in the form 
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where 1a  and 1b  are constants, while 2a  and 2b  can be either constants (on 
rectangle domain Ω, Fig. 2.2.a) or functions )( 122 xaa =  and )( 122 xbb =  (if 
domain Ω has some other shape, Fig.2.2.b). 
 

 
Fig. 2.2. Independent (a) and dependent (b) intervals in the 2D space 

 
In the special case, when intervals ],[ 11 ba  and ],[ 22 ba  are both constant (Fig. 
2.2.a), the integral over domain Ω  can be divided into the two integrals 
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In a such case 
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while the orthogonality condition (2.163) is divided into two independent ones 
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with respect to the weighting functions )( 1
[1] xw  and )( 2

[2] xw  on intervals 
],[ 11 ba  and ],[ 22 ba  respectively. The generalised Fourier coefficients are then 
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The described approximation procedure can be generalised to triple power series, etc. 
 
2.3.1 Zernike polynomials 

The polynomials that are orthogonal on the unit disk with respect to the radial 
distance as a weighting function, are known as the Zernike polynomials13. They 
are defined in a polar coordinate system ϕρ −  (Fig. 2.3), where ϕ  is azimuthal 
angle, and ρ  is normalised radial distance. There are even and odd Zernike 
polynomials. The even Zernike polynomials are defined as 
 ϕρϕρ mRZ m

n
m
n cos)(),( = ,  (2.169) 

and the odd Zernike polynomials as 
 ϕρϕρ mRZ m

n
m

n sin)(),( =− ,  (2.170) 

                                                 
13 Zernike polynomials are named after Fritz Zernike. They are used in precision optical 
manufacturing to characterise high order errors. In optometry and ophthalmology they are 
used to describe aberrations of the cornea or lens from an ideal spherical shape, which 
results in refraction errors. They can be used to effectively cancel out atmospheric 
distortion. Obvious applications for this are IR or visual astronomy, and spy satellites. 
For example, the term 0

2Z  is called „de-focusing“. By coupling the output from this term 
to a control system, an automatic focus can be implemented.    
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where m and 0≥≥ mn  are nonnegative integers, ϕ  is azimuthal angle 
πϕ 20 ≤≤ , and ρ  is normalised radial distance 10 ≤≤ ρ . The radial 

polynomials )(ρm
nR  are defined as 
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when 2/)( mn −  is integer, and as 0)( =ρm
nR  for odd mn − . 

 

 
Fig. 2.3. Unit disk and coordinate systems 

 
In the terms of Jacobi polynomials  
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n QR    (even mn − ).  (2.172)  

Zernike polynomials are standardised with the condition that 1)1( =m
nR  when 

2/)( mn −  is integer, otherwise 0)1( =m
nR . 

 

Example 2.9. First few nonzero radial polynomials are 
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The radial polynomials satisfy the orthogonality relation 
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The angular part of Zernike polynomials satisfy the orthogonality relations 
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Zernike polynomials ),( ϕρm
nZ  can be converted to the rectangular form  

),( 21 xxZ m
n  by using the following coordinate transformations and trigonometric 

identities 
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Example 2.10. First few nonzero Zernike polynomials are  
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 (2.177) 

Zernike polynomials have simple rotational symmetry that distinguishes them 
from the other sets of orthogonal polynomials. This is illustrated on Fig. 2.4 by 
coloured areas on the unit disks. The polynomials m

nZ  have positive values on 
green areas, negative values on red areas and the zero value on black null-lines. 
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Fig. 2.4. Null-lines of Zernike polynomials 
 
Expansion with Zernike polynomials 
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is given by generalised Fourier coefficients 
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where 
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2.4 APPROXIMATION ON A DISCRETE DOMAIN 
 
Consider that approximated function )(xf  is defined by a table, i.e. by the 
sampling values )( kk ff ξ=  in the finite set of K distinct sampling points kξ . In 
a such case, function )(xf  can be approximated by a polynomial 
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),(~ N

r

r
r xxf αα ,   KN ≤ , (2.181) 

whose coefficients rα  can be determined by the least-squares method. The 
difference between polynomials (2.1) and (2.181) is in the fact that in the discrete 
approximation only up to K coefficients rα  can be determined by K sampling 
values )( kk ff ξ= ; thus, in the discrete approximation, the degree of the 
polynomial ),(~ αxf  can only be lesser than the number of distinct sampling 
points. 
 
By analogy to (1.88), a mean square error is defined as 
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From the condition of extreme in the respect to coefficients rα  it follows 

 
,0)( )( 0)(        

) 1 ..., ,0(

1

1

0

ms =⎥
⎦

⎤
⎢
⎣

⎡
⋅−⇒=

∂
∂

≤−=∀

∑ ∑
=

−

=

K

k

nk
N

r

rk
r

kk

n
fwE

KNNn

ξξα
α
α  (2.183) 
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This linear equation system can be expressed in the terms of weighted inner 
product 

 ∑
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k

kkkw
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)( )( , ξψξφψφ  (2.185)  
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as 

 〉〈=〉〈−=∀ ∑
−

=

n
N

r

nr
r xfxxNn ,,   )1 ..., ,0(

1

0

α ,      KN ≤ . (2.186)  

Solution of this linear equation system are coefficients rα . This linear equation 
system differs from system (2.6) in the definition of inner product and in a 
limited number of equations KN ≤ . It is also usually ill-conditioned (as 
described in the Chapter 1.3.2), so its numerical solution (coefficients rα ) can 
have intolerable error. 
 
To avoid solving the linear equation system (2.186), function )(xf  can be 
expanded into finite series 
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nn xpxf ββ ,         KN ≤ , (2.187)  

of orthogonal polynomials )(xpn  with degree n not greater than 1−K . The 
coefficients nra  of polynomials )(xpn  (2.8) are determined by the orthogonality 
condition 
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with respect to the given set of weighting coefficients kw .   
 
Approximation with a finite series ),(~ βxf  (2.187) defined as a partial sum of 
the first N elements containing orthogonal polynomials )(xpn , with the degrees 
n no greater than 1−N , is a polynomial least-squares approximation of )(xf . 
Therefore, coefficients nβ  are generalised Fourier coefficients that can be 
obtained by substituting )()( xpx nn =φ  into (1.74) as 
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Although the generalised Fourier coefficients nβ  of approximation function 
),(~ βxf  (2.187), written in the terms of inner products, have the form equal to 

that in a continuous case (2.10), there is one crucial difference. By the K values 
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)( kk ff ξ=  of function )(xf  in K distinct sampling points kξ  it can be 
determined up to K generalised Fourier coefficients nβ  ( 1 ..., 1, ,0 −= Kn ). 
Coefficients nβ  ( Kn ≥ ) are assumed to be zero.  
 
Therefore, approximation function ),(~ βxf  is restricted to the first K summands 

nn pβ  (i.e. 1 ..., ,1 ,0 −= Nn  and KN ≤ ). Using all of the first K summands 

nn pβ  turns approximation into interpolation, in which the value of the function 
and its approximation equals in all sampling points kξ  (i.e. kk ff =),(~ βξ  ). 
This is described in Chapter 6. 
 
A special class of orthogonal polynomials are orthonormal polynomials. If the 
weighting coefficients kw  are positive, then the weighted inner product 
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is also positive and the set of orthogonal polynomials )}({ xpn  can be normalised  
by dividing each polynomial )(xpn  with its norm 〉〈= nnn ppp ,  (2.13) [3].  
 
The normalised set of polynomials nnn pxpxp /)()( =  is said to be orthonormal 

with respect to the weighting coefficients kw  on a finite set of distinct sampling 
points. These polynomials have properties nmmn pp δ=〉〈 , , 1, =〉〈= nnn ppp , 
as in a continuous case. 
 
Hence, if function )(xf  is expanded into series of orthonormal polynomials 
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the corresponding generalised Fourier coefficients are 
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The form of the approximation function ),(~ βxf  (2.187) is not convenient for a 
numerical manipulation, but it can be expressed in a more suitable form as 

),(~ αxf  (2.1). Coefficients rα  in ),(~ αxf  can be calculated from coefficients 

nβ  by using equation (2.19). 
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2.5 ORTHOGONAL POLYNOMIALS ON A DISCRETE DOMAIN 
 
For any set of positive weighting coefficients kw , defined on the arbitrary set of 
K distinct sampling points kξ , exists a corresponding set of K orthogonal 
polynomials })({ xpn  ( 1 ..., 1, ,0 −= Kn ), which satisfies the orthogonality 
relationship (2.188) [6, 7]. 
 
Therefore, there are many polynomial family sets orthogonal on different sets of 
weighting coefficients kw  and sampling points kξ  on a discrete interval. The 
most important ones are Gram and Chebyshev polynomials. Due to their 
importance, all of these polynomials and related algorithms are described in 
Chapters 2. and 4. as it is listed in Table 2.2.  
 
Table 2.2. Orthogonal polynomials and rational functions on a discrete domain 

Name Symbol Interval K sampling 
points 

Weighting 
coefficients 

Chap-
ter 

Gram polynomials14 )(xPK
n  ]11,[−  equidistant 

on x  1 2.5.3 

Chebyshev polynomials 
of first kind )(xTn  ]11,[−  

roots of 
)(xTK   1 4.1.7 

extremes of  
)(xTK   

2
1 1, ..., 1, ,

2
1  4.1.8 

Shifted Chebyshev 
polynomials )(* xTn  ]1,0[  

roots of 
)(* xTK   1 4.2.2 

extremes of  
)(* xTK   

2
1 1, ..., 1, ,

2
1  4.2.2 

Chebyshev rational 
functions )(xRn  ),0[ ∞  

roots of 
)(xRK   1 4.5.6 

extremes of 
)(xRK   

2
1 1, ..., 1, ,

2
1  4.5.7 

                                                 
14 Polynomials )(xPK

n  ( 1 ..., ,2 ,1 ,0 −= Kn ) described in Chapter 2.5.3, which are orth-
ogonal with respect to the weighting coefficients 1=kw  on the K sampling points 
equally spaced on the interval ]1,1[− , are called either Gram polynomials or Chebyshev 
polynomials [9, 10], although the later name is usually reserved for polynomials 
described in Chapter 4. 
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In addition, in Chapters 2.5.1 and 2.5.2 two general algorithms are presented for 
generating polynomials orthogonal with respect to an arbitrary set of positive 
weighted coefficients kw  defined on an arbitrary set of sampling points kξ . By 
analogy to a continuous case, these two algorithms are based on different 
approaches, but they give the same results. 
 
2.5.1 Generating orthogonal polynomials on a discrete domain 

For any set of positive and finite weighting coefficients kw , defined on the 
particular set of sampling points kξ , there exists a corresponding set of 
orthogonal polynomials. Let these orthogonal polynomials )(xpn  be 
standardised by condition ...)( += n

n xxp  (the leading coefficient of each 
polynomial has value 1) and defined by using equation (2.21). In each sampling 
point kξ  it is  
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To find coefficients nmγ , both sides of that equation can be multiplied by 
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r
k pw ξ  and summed over Kk  ..., 2, ,1= :  
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This can also be written in the terms of weighted inner products by equation 
(2.23). Due to the presumed orthogonality condition (2.188) and by analogy to 
continuous case, from equation (2.23) can be obtained 
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The difference between this equation and equation (2.26) consists only in the 
definition of inner products. 
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For the calculation of the inner products 〉〈 n
m xp ,   and 〉〈 m

m xp ,  it is necessary 
to determine coefficients nra  of the orthogonal polynomials )(xpn  (2.8). For that 
purpose, already obtained expression (2.30) can be used. 
 
By substituting )(xpn  (2.8) into inner products it can be obtained 
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To apply developed formulas, it is convenient to introduce auxiliary variables 
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By analogy to equations (2.32) and (2.33) it can be obtained 
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Complete procedure for determining coefficients nra  of orthogonal polynomials 
)(xpn , coefficients nβ  and coefficients rα  (2.19) is given in Algorithm 2.6. 

Obtained coefficients rα  define resultant approximation polynomial ),(~ αxf  
(2.1) in the form that is the most suitable form for further numerical 
manipulation. 
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Algorithm 2.6. Coefficients rα  for the orthogonal polynomial approximation 
on a discrete domain – method 1 

List of input variables: N, K, kw , kf , kξ  
List of output variables: rα  
// Polynomial 1)(0 =xp  
      10,0 =a  

       Calculate_and_store_sums *
0I , *

0J                 // Equation (2.197) 
      *

0
*
0 Id = ; *

0
*
00 / dJ=β  

// Polynomials )(1 xp , …, )(1 xpN −  
      for 1 ..., ,1 −= Nn  
          Calculate_and_store_sums *

12 −nI , *
2nI , *

nJ  // Equation (2.197) 
          // Expansion of nx  into series of polynomials )(0 xp , …, )(xpn  (2.20) 
                for 1 ..., ,0 −= nm  

                   *

0
*

1
nr

m

r
mr

m
nm Ia

d +
=
∑=γ                            // Equation (2.198) 

                endfor 
          // Coefficients nra  of orthogonal polynomial )(xpn  (2.8)  
                for 1 ..., ,0 −= nr  

                   ∑
−

=

−=
1n

rm
mrnmnr aa γ                                 // Equation (2.130) 

                endfor 
               1=nna  

          *

0

*
nrnr

n

rn Iad +=
Σ=            // 〉〈= nnn ppd ,*  (2.198) 

          **

0
/ nrnr

n

rn dJa
=
Σ=β        // Generalised Fourier coefficients (2.198) 

      endfor 
// Calculating coefficients rα  of approximation polynomial ),(~ αxf  (2.1)  
      for 1 ..., ,0 −= Nr  

         nrn

N

rnr aβα
1−

=
Σ=               // Equation (2.19) 

      endfor 
end 
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2.5.2 Generating orthogonal polynomials on a discrete domain by recursion 

A more convenient and efficient method for generating orthogonal polynomials 
)(xpn  is the use of recurrence relation 

 1)(0 =xp ,  

 )()( 11 bxxp −= , (2.199) 

 )()()()( 211 xpcxpbxxp nnnnn −−− −−= ,    1 ..., ,3 ,2 −= Kn , 

Recursion formula (2.199) can be used for generating polynomials )(xpn  of 
degree up to 1−K . Polynomials )(xpn  of degrees greater or equal to K have 
roots at sampling points kξ  [4] . Therefore, polynomial )(xpn  of Kth degree 

 ))...()(()( 21 K
K xxxxp ξξξ −−−=  (2.200) 

is determined by K discrete sampling points kξ  as its roots.  
 
Since polynomials )(xpn  ( Kn ≥ ) have roots at sampling points ( 0)( =k

np ξ  for 
all k) they satisfy the condition of orthogonality  

  0)()(   )(
1 0

=≥∀ ∑
=

K

k

k
n

kk phwKn
321
ξξ , (2.201) 

with respect to any function )(xh . 
 
To apply developed formulas, it is convenient to introduce variables *

kI , *
rJ , *

nd  
and nβ  already defined by (2.197) and (2.198). Therefore, by analogy to (2.58) 
the coefficients  
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 (2.202)  

can be calculated. 
 
Complete procedure for calculating coefficients nra  of orthogonal polynomials, 
coefficients nβ  (2.198) and coefficients rα  (2.19) of resultant approximation 
polynomial ),(~ αxf  (2.1) is given in Algorithm 2.7.  
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Algorithm 2.7. Coefficients rα  for the orthogonal polynomial approximation 
on a discrete domain – method 2 

List of input variables:  N, K, kξ , kw , kf , kξ  
List of output variables: rα  
// Polynomial 1)(0 =xp                  //   “//” denotes the beginning of a comment 
      10,0 =a  

       Calculate_and_store_sums *
0I , *

0J              // Equation (2.197) 
      *

0
*
0 Id = ; *

0
*
00 / dJ=β  

// Polynomial 11 )( bxxp −=  
       Calculate_and_store_sums *

1I , *
2I , *

1J         // Equation (2.197) 
      *

0
*
11 / dIb =  

      11,1 =a ; 10,1 ba −=  

      *
2

*
10,1

*
1 IIad += ; *

1
*
1

*
00,11 /)( dJJa +=β            // Equation (2.198) 

// Polynomials )(2 xp , …, )(1 xpN −  
      for 1 ..., ,2 −= Nn  
          Calculate_and_store_integrals *

12 −nI , *
2nI , *

nJ   // Equation (2.197) 

         *
1

*
1,1,1

1

0

1

0
/ −++−−

−

=

−

=
ΣΣ= nsrsnrn

n

s

n

rn dIaab ; *
2

*
11 / −−− = nnn ddc        // Eq. (2.198) 

         // Coefficients nra  of orthogonal polynomial )(xpn  (2.8)  
              0,210,10, −−− −−= nnnnn acaba  
              for 2 ..., ,1 −= nr  
                 rnnrnnrnnr acabaa ,21,11,1 −−−−− −−=                // Equation (2.56) 
              endfor 
              1,12,1, −−−− −= nnnnnnn abaa ; 1,1 −−= nnnn aa  

         *

0

*
nrnr

n

rn Iad +=
Σ= ; **

0
/ nrnr

n

rn dJa
=
Σ=β   // Generalised Fourier coeff. (2.198) 

      endfor 
// Calculating coefficients rα  of approximation polynomial ),(~ αxf  (2.1) 
      for 1 ..., ,0 −= Nr  

         nrn

N

rnr aβα
1−

=
Σ=                                                             // Equation (2.19) 

      endfor 
end  
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2.5.3 Gram polynomials 

Polynomials )(xPK
n  ( 1 ..., ,1 ,0 −= Kn ) that are orthogonal on the K sampling 

points 

 Kk
K
kk  ..., 2, ,1   ,

1
)1(21 =

−
−+−=ξ , (2.203) 

equally spaced on the interval ]1,1[−  with respect to the unit weighting 
coefficients 1=kw , are usually known as Gram polynomials14 [12, 13]. 
 
The Gram polynomials can be expressed in the form 
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 (2.204) 

Herein upper index in the brackets denotes factorial powers )(kα  (B.1), as 
defined in the Appendix B. 
 
Constants K

nc  can be chosen arbitrary to satisfy some criteria (e.g. to make 
polynomials orthonormal or to satisfy the condition )(  1)1( KnPK

n >= , etc.). The 
expanded form of expression (2.204) is 

   
....
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 (2.205) 

The recursion formula 

 )(
)(

)1)(1()(
)(

)1)(12()( 21 xP
nKn
nKnxxP

nKn
KnxP K

n
K

n
K

n −− −
−+−−

−
−−= , (2.206) 

can be used for generating polynomials )(xPK
n  of degree up to 1−K . 

Polynomials )(xPK
n  of degrees greater or equal to K have roots at sampling 

points kξ  [4] . Therefore, polynomial )(xPK
K  of Kth degree 

 ))...()(()( 21 KK
K xxxxP ξξξ −−−=  (2.207) 

is determined by K discrete sampling points kξ  as its roots. 
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Example 2.11. First few Gram polynomials are 

 

.
)2)(3(6

])4(4)1(5[)1(15

,
)2(2

)1()1(3

,

,1

2232
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 (2.208) 

Coefficients of Gram polynomials depend on the number of sampling points 
K. For five point approximation with Gram polynomials 5=K . The relevant 
orthogonal polynomials of degrees zero through four can be obtained by 
adopting recursion formula (2.206): 

 )(
)5(

)4)(1()(
)5(
)12(4)( 5

2
5

1
5 xP

nn
nnxxP

nn
nxP nnn −− −

+−−
−
−= . (2.209) 

Therefore, the first few Gram polynomials in five point approximation are 
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 (2.210)  

It may be seen that the n-th polynomial is an even function of x when n is 
even, and an odd function of x when n is odd. Also, each polynomial takes on 
the value unity when 1=x  (i.e. 1)1( =K

nP ). 

Gram polynomials possess orthogonality property 

 
⎩
⎨
⎧

<≠
≠=

=〉〈 ∑
= .,0

,,0
  )()(,

1 Kn
mn

PPPP
K

k

kK
m

kK
n

K
m

K
n ξξ  (2.211) 

If Kn ≥ , then 0, =〉〈 K
n

K
n PP . 

When 2/1Kn << , Gram polynomials are very similar to Legendre polynomials, 
but when 2/1Kn >> , they have very large oscillations between the sampling 
points. Related to this is the fact that when fitting the polynomial to equidistant 
data, degree n of applied polynomials should not be greater than about 2/1K  [12]. 
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Further, if K is increased without limit then )(xPK
n   tends to nth degree Legendre 

polynomial )(xPn : 

 )()(lim xPxP n
K

nK
=

∞→
. (2.212) 

That can be easily verified by increasing K to infinity in recursion formula 
(2.206). The result is recursion formula (2.62) for Legendre polynomials.  
 

2.5.4 Approximation with Gram polynomials 

The th1−N  degree least squares polynomial approximation of the function )(xf  
over the K sampling points is given by 

 ,   ,)(),(~ 1

0

KNxPxf
N

n

K
nn <=∑

−

=

ββ  (2.213)  

where generalised Fourier coefficients are 
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β . (2.214)  

To apply developed formulas, it is convenient to introduce auxiliary variables 
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 (2.215)  

By analogy to equations (2.198) and (2.33) it can be obtained 
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 (2.216)  

Complete procedure for calculating coefficients nra  (2.30) of Gram polynomials, 
coefficients nβ  and coefficients rα  (2.19) of resultant approximation 
polynomial ),(~ αxf  (2.1) is given in Algorithm 2.8. 
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Algorithm 2.8. Coefficients rα  in Gram polynomial approximation  
List of input variables:  N, K, kf  
List of output variables: rα , nβ  
// Equidistant sampling points kξ  on the interval ]1,1[−  
      for Kk ..., 2, ,1=  
         )1/()1(21 −−+−= Kkkξ  
      endfor 
      10,0 =a                   // Polynomial 1)(0 =xPK  

       Calculate_and_store_sums •
0I , •

0J        // Equations (2.215) 
      ;00

•• = Id ••= ndJ /00β                               // Equations (2.216) 
      11,1 =a ; 00,1 =a     // Polynomial xxPK =)(1  

       Calculate_and_store_sums •
1I , •

2I , •
1J   // Equations (2.215) 

      •• = 21 Id , ••= 111 / dJβ                                // Equations (2.216) 
// Polynomials )(2 xPK , …, )(1 xPK

N −  
      for 1 ..., ,2 −= Nn  
         Calculate_and_store_sums •

−12nI , •
nI2 , •

nJ               // Equations (2.215) 
         // Calculate coefficients nra  of )(xPK

n  using recursion formula (2.206) 
              ))(/( )1)(1( 0,20, nKnanKna nn −−+−−= −  
              for 2 ..., ,1 −= nr  

                 
)(

)1)(1()1)(12( ,21,1

nKn
anKnaKn

a rnrn
nr −

−+−−−−
= −−−  

              endfor 

              
)(

)1)(12( 2,1
1, nKn

aKn
a nn

nn −
−−

= −−
− ; 

)(
)1)(12( 1,1

nKn
aKn

a nn
nn −

−−
= −−  

              •
+=

• Σ= nrnr

n

rn Iad
0

; ••

=
Σ= nrnr

n

rn dJa /
0

β        // Equations (2.216) 

      endfor 
// Calculate coefficients rα  of approximation polynomial ),(~ αxf  (2.1) 
      for 1 ..., ,0 −= Nr  

         nrn

N

rnr aβα
1−

=
Σ=                                                          // Equation (2.19) 

      endfor 
end  
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2.6 CONVERSION OF POWER SERIES 
 
Exact integration in continuous approximation is usually avoided by using 
numeric integration or by using discrete approximation. Any type of integration 
can be completely avoided in continuous approximation method based on the 
conversion of power series. This method consists in 

1. obtaining initial power series (e.g. by Maclaurin series expansion), 
2. converting obtained power series into a series of orthogonal polynomials, 
3. truncating polynomial series and in 
4. converting truncated polynomials series back into a power series. 

Obtained power series can be almost equal to those obtained in approximation 
with orthogonal polynomials on a continuous domain. The matching is better if a 
greater number of elements of initial power series is used. 
 
Power series can be converted into a series of orthogonal polynomials by expansion 
of monomials mx . Any monomial mx  of order m can be expanded with the first 

1+m  orthogonal polynomials )(..., ),( ),( 10 xpxpxp m  by using equation 
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xpcx n

m

n
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m ∑
=

= . (2.217) 

By substituting polynomial )(xpn  (2.8) it follows 
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By rearranging that expression it can be obtained 

 0
0

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−∑ ∑

= =

m

r

r
mn

m

rn
nrmn xac δ . (2.219)  

That equation is satisfied if and only if  
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or 
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Therefore, coefficients mnc  of expansion (2.117) can be easily calculated by 
recursion 
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It should be noted that recursion is carried out in reverse order, from 1−= mr  to 
0=r .  

 
If orthogonal polynomials )(xpn  are standardised so that ...)( += n

n xxp  (i.e., 
the leading coefficients nna  have value 1), the diagonal elements of matrix in 
equation (2.221) take unit values, so that  
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while the recursion (2.222) simplifies to 
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If the initial power series is infinite, it has a form  

 ∑
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which is equal to 
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then the coefficients of resulting series ),( βxf  (2.7): 

 ∑
∞

=

=
nm

mnmn caβ  (2.227)  

are equal to the generalised Fourier coefficients nβ  (2.10), or to those that can be 
obtained by the polynomial least-squares approximation applied to the )(xf . 
 
In other words, if the initial power series is infinite and obtained by Maclaurin series 
expansion of function )(xf , the resultant series of orthogonal polynomials is the 
same as those obtained by applying orthogonal polynomials or polynomial least- 
-squares method directly to the function )(xf .  
 
The problem arises from the fact that coefficients nβ  in (2.227) are defined as 
infinite sum. In practice, only the first M elements of initial power series ),( axf  
(2.225) are taken into account, so the calculation of coefficients nβ  becomes 
finite. Therefore, in the resulting series 

 MNxpxf
N

n
nn ≤=∑

−

=

   ,)(~)~,(~ 1

0

ββ , (2.228)  

the generalised Fourier coefficients nβ  (2.227) are approximated with 

 ∑
−

=

=
1~ M

nm
mnmn caβ ,   1 ..., 2, 1, ,0 −= Nn . (2.229)  

Finally, the coefficients rα  of polynomial ),(~ αxf  (2.1) that is equivalent to 
approximation )~,(~ βxf  (2.228) can be calculated by using the formula (2.19) or, 
more precisely, by using the formula 

 nr

N

rn
nr a∑

−

=

=
1 ~βα . (2.230) 

Procedure for calculating generalised Fourier coefficients nβ
~  and coefficients 

rα  of converted power series is presented in Algorithm 2.9. 
 
The described procedure is frequently used in conversion of initial polynomial 
that approximates function )(xf  (usually contains the first M elements of 
Maclaurin series expansion) into series of Chebyshev polynomials (Chapter 4.). 
The obtained series is truncated and after that converted back into power series. 
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Although the resulting polynomial has lower degree than the initial one, the 
degradation of accuracy is usually minimal. Since the number of numerical 
operations required for calculating the values of approximated function for 
certain argument is reduced, the described conversion of polynomials is called 
Chebyshev economisation and it is described in Chapter 4.7.  
 

Algorithm 2.9. Conversion of power series 
 
List of input variables:  M, N, ma , nra  
// M   Number of summation elements of initial power series 
// N   Number of summation elements of converted power series ( MN ≤ )  
// ma  Coefficients of initial power series (or initial approximation) 
// nra Coefficients of orthogonal polynomials )(xpn  

List of output variables: rα , nβ
~  // “//” denotes the  beginning of the comment 

// Calculate coefficients mrc  (expansion of monomials mx ) 
      for 1 ..., ,1 ,0 −= Mm  
         mmmm ac 1/=  
         for 0 ..., ,)1,1min( −−= Nmr  

            ∑
+=

−=
m

rn
nrmn

rr
mr ac

a
c

1

1                                // Equation (2.222) 

         endfor 
      endfor 

// Calculate generalised Fourier coefficients  
      for 1 ..., ,1 ,0 −= Nn  

         ∑
−

=

=
1~ M

nm
mnmn caβ                                           // Equation (2.229) 

      endfor 

// Calculate coefficients rα  of converted power series ),(~ αxf  (2.1) 
      for 1 ..., ,0 −= Nr  

         nrn

N

rnr aβα ~1−

=
Σ=                                              // Equation (2.230) 

      endfor 
end 

 


